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Abstract 



> 

in 

CNJ ' The issue of holographic mapping between bulk and boundary in the plane-wave limit 

\Q ■ of AdS/SYM correspondence is reexamined from the viewpoint of correlation functions. 

o ■ 

■<sj- ' We first study the limit of large angular momentum for the so-called GKP-W relation in 

O '• 

supergeravity approximation, connecting directly the effective action in the bulk and the 

generating functional of correlation functions on the boundary. The spacetime tunneling 

D . picture which has been proposed in our previous works naturally emerges. This gives not 



only a justification of our previous proposal, with some important refinements, on the 



^ . mapping between bulk effective interaction and the CFT coefficients on the boundary in 

d ' the plane- wave limit, but also implies various insights on the interpretation of holography 

in the plane- wave limit. Based on this result, we construct a new 'holographic' string field 
theory. We confirm for several nontrivial examples that this gives the CFT coefficients 
derived by perturbation theory on the gauge-theory side. Our results are useful for under- 
standing how apparently different duality maps proposed from different standpoints are 
consistent with each other and with our definite spacetime picture for the AdS holography 
in the plane- wave limit. 
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1. Introduction 

An impressive amount of computations have been done following the BMN conjecture 
PP as to the identification of stringy operators in AdS/CFT correspondence. In spite 
of all those important works of two years, however, it seems that the question of holo- 
graphic correspondence of correlation functions for the BMN operators still has not been 
appropriately understood. In the case of the original AdS5/SYM4 correspondence, the 
relation between the bulk fields {(f)i{z,x)} and the gauge-invariant operators {Oi{x)} of 
4D Yang-Mills theory has been concretely formulated as the famous GKP-W relation [2j 



Z[0] - (exp [Jd^xY,U^)0,{x)]), (1.1) 



which connects the boundary values liiRz^o z^^~'^(l)i{z, x) = (j)i{x) of the bulk fields to 
the source fields coupled with {Oi{x)} at the conformal boundary of AdS spacetime. 
If one naively followed the Penrose limit in the bulk of AdS spacetime in obtaining a 
plane-wave approximation, one would end up in a puzzling situation that the plane-wave 
geometry corresponding to the large angular momentum along a direction of S^ cannot 
be related to the conformal boundary, since the null trajectory adopted by the BMN 
proposal never reaches the conformal boundary. Because of this difficulty, some different 
ways of comparing both sides without relying directly upon the GKP-W relation have 
been discussed in the literature ^3j. However, lacking for more direct links to physical 
observables, these proposals seem to be still regarded as phenomenological data towards a 
better understanding of holography. It is very important to resolve the issue of holographic 
correspondence from the viewpoint of correlation functions, since it would be a crucial 
basis in addressing physically more relevant questions related to the duality between closed 
string theories and gauge theories. 

In previous works, we have presented basic ideas on a possible reconciliation of the 
BMN proposal with the GKP-W relation. In ref. |1][S1; we proposed to interpret the 
GKP-W relation in the plane-wave limit as a consequence of the tunneling propagation 
of the BMN states of closed strings from boundary to boundary. The motivation for our 
proposal was puzzles which arises in connection of holography when we adopt seemingly 
familiar premises in the literature, especially, the identification of the global AdS time 
(or light-cone time) with the time of radial quantization on the CFT side. -I- We have 
•t-In our opinion, the origin of a puzzle discussed in 6 is also related to this identification. For a list 



argued that these puzzles are resolved, by considering the tunneling trajectory connecting 
AdS boundary to AdS boundary. Since the role of time parameter is played by the 
affine parameter along the tunneling trajectory which is orthogonal to the conformal 
boundary, we cannot identify it with radial time directly, and consequently all the puzzles 
are naturally resolved. In subsequent works [7^ , our ideas have been extended successfully 
to a more general nonconformal case of Dp-brane backgrounds, by deriving the generalized 
correspondence [Hj obtained previously between nonconformal SYM theories and Dp-brane 
backgrounds. 

However, our original argument in |3] has not yet been completely satisfactory, since 
it involves some ambiguities with respect to normalization and short-distance cutoff when 
we discuss 3-point and higher correlation functions. One of the purposes of the present 
work is to reexamine our basic ideas from an equivalent but a more systematic standpoint 
by studying the plane-wave limit directly on the GKP-W relation, and to strengthen our 
picture by presenting further supports and extensions. In our first work 4J, we have not 
started from the GKP-W relation. Instead, we have treated the bulk field equation in the 
WKB approximation and then proposed a natural ansatz for relating correlation functions 
and the Euclidean S-matrix in the same spirit as the GKP-W relation. In the present work, 
we study the limit of large R-charge (J) for the GKP-W relation directly and confirm 
that our original picture emerges automatically within the supergravity approximation. 
Then, on the basis of the known relation ^Tj for chiral operators between supergravity 
and SYM gauge theory, we establish a definite relation between 3-point correlators and 
the bulk effective interactions which are consistent with our original picture, including 
precise normalization and cutoff. 

It turns out that the resultant supergravity effective theory in the plane-wave limit 
cannot be obtained from any versions of previously known string field theories. Our result 
can be adopted as a strong constraint in constructing a string field theory describing higher 
stringy modes in accordance with our picture. We propose a new 'holographic' string field 
theory, which reduces to the derived effective action when restricted in the supergravity 
sector, and simultaneously gives the correct 3-point correlation functions on the SYM side 
derived by perturbation theory, via our holographic mapping. As a byproduct, we also give 



of other approaches on the plane-wave holography, we would like to refer the reader to several review 
articles cited in 0. 



some clarifications on the relation of our picture with other approaches which have been 
discussed in some of recent works for mapping the known versions of string field theories 
to gauge theory. We believe that our results not only resolve holography in the plane-wave 
limit, but also lay a foundation for understanding relation among different proposals and 
for investigating further extensions, on the basis of holography for correlation functions. 
In particular, we give a definite prediction for impurity non-preserving cases which have 
not been treated in the literature before. 

The present paper is organized as follows. In section 2, we analyze the large J- 
limit directly on the usual diagrammatic rules ('Witten diagrams') for computing 3-point 
functions from the viewpoint of bulk theory. We demonstrate how our tunneling picture 
arises in the WKB approximation and establish the validity of this picture by comparing 
with exact computations. In section 3, we derive directly the effective action in the plane- 
wave limit from the bulk supergravity effective action given previously in ref . pTj . We then 
formulate the holographic relation which should be valid for (non BPS) stringy operators. 
In section 4, we construct the 'holographic' string field theory which is consistent with 
our effective action for supergravity sector. In section 5, we clarify the relation of our 
results with other approaches. In section 6, we confirm our general discussion by explicit 
examples. We conclude the paper in section 7 by giving further remarks. Two appendices 
A and B are devoted to some details of calculation and to a summary of the properties 
of string-interaction vertices of string field theory, respectively. 

2. The direct large J- limit of GKP-W relation 

Let us start from briefly recalling the standard perturbative computation of correlation 
functions from bulk supergravity theory. For simplicity, suppose that the bulk theory is 
effectively described by scalar fields 0i(a;) in the AdSs background with action, 

/ ^ 1 m"^ 

d'^Va E oi94>,Y + J2^4>^ + gM2H ra\ = J^ + 4)/i?'. (2.1) 

We assume the Euchdean AdS metric (R^ = AnggN^a'Y), 

ds^ = ?-{dz^ + dx^) (2.2) 

z^ 

using the Poincare coordinate. According to the GKP-W dictionary, a 3-point correlation 
function of three operators Oi{xi) (conformal dimension = Aj = Jj + /cj = fcj) correspond- 



ing to the bulk fields 0j is given, up to an overall normalization factor and to the lowest 
order with respect to the coupling constant (7, as 

dt^xdz 



(Oi(fl)O2(f2)03(5^3)) 



K^^{z, x; Xi)K^^{z, x; X2)Ki^^{z, x; X3) 



(2.3) 



where the bulk-to-boundary propagator 



KAiz,x;y) 



r(A) 



satisfies 



and 



.5^ / 
'V 



-3 d_\ 



dz^ dz^ dcP 



7T^T{A-2)^z^ + {x-yy 



— m 



Ka{z, x; y) = 0, for 2; > 



limz KAiz,x;y) =6{x-y). 



(2.4) 



(2.5) 



(2.6) 



The PP-wave limit amounts to taking the limit where Ji, R —> 00 with Jia'/R"^ being 
kept fixed and fcj ~ 0{1). The angular momentum which comes from an S0(2) part of 
the S0(6) R-symmetry must be assumed to be conserved, say, Ji = J2 + J3. Obviously, 
since Aj ~ Jj ^ cxo, the integral in the expression eq. ()2.3p can be studied by saddle-point 
methods.^ For our purpose it is useful to do a warm-up in the case of two-point functions. 
In what follows until stated otherwise explicitly, it is convenient to adopt the unit such 
that the AdSs (S*^) radius to be one, R = 1, since R is the only length scale characterizing 
this system in the supergravity limit a' ^ with fixed R. 

2.1 Two-point functions 

Consider a 2-point function of the following form 



d xdz 
G2{xi,X2) = I — ^K/^{z,x;xi)K^{z,x;x2)z' 



(2.7) 



where e -^ 0+ is a parameter for regularization. The saddle-point equations are 



7^ ( ln[^5 — ^-^T 

oz^ z^ + [x — Xi)^ 

d_ 

dx 



+ ln[ 



z^ + ix — X2) 



(ln[ 



z"^ + {x — Xi)" 



+ ln[ 



z"^ + {x — X2y 



0. 



:2.8) 



(2.9) 



§A preliminary discussion on the approach of the present paper has been given by one of the present 
authors in a talk at the Strings 2003 conference |12j . 



The general solution is 

3^0 = 0(^1 +^2) - 77(^1 -^ajtanhr, zq = — — (2.10) 

2 2 2 cosh T 

with T being an undermined integration constant. Thus the integral can be approximated 
as a one dimensional integral over the 'collective' coordinate r. In conformity with our 
previous works, the solution describes a tunneling process from one boundary point Xi at 
r ~ — CX3 to another boundary point X2 at r ~ +00. Thus we have naturally arrived at 
the same picture for the PP-wave holography as we have proposed in previous works. 

Following the standard method of semi-classical path-integrals, the integration mea- 
sure in fj2.3p is replaced by 

-^—^ => drdzd^x^Jir) (2.11) 

z^ 

for the collective coordinate r and the fluctuating coordinates 5, x, which are defined by 
the following shift of the bulk coordinates, 

z = zq{t)+z, x = xq{t)+x (2.12) 

with the orthogonality constraint 

^55 + f^ -51 = 0. (2.13) 

dr dr 

The effective metric for the fluctuations is found to be, to the lowest nontrivial order in 

the fluctuations, 

Z" '^' ' ' ' ^ ' ' \X\— X2\ 

where we have used the solution for the constraint ()2.13j) . 



\{{dz^ + dbzf + (rffo + dbxf] => idrf + ^^^^^{cosh^riddzf + iddxA^) (2.14) 



5x = —nsmhrdz + 5x±, n-5x± = Q (2.15) 

with n being the unit vector along the direction of the vector X1—X21 which connects two 
points Xi,a;2 on the boundary. Thus, the Jacobian is given as 



J{ 



T 



/ 4 cosh^ T \ 4 , n , , 

A (^ ^^) coshV. 2.16 

\ ^|a;i — X2\ "^ 

On the other hand, the effective second-order action for the saddle-point integral is 

Siff = -^ ^-777 ( cosh'^ T z"^ + cosh^ r (x±Y) + e-dependent factor. (2-17) 

■'■' \xi — X2\^ ^ ' 
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The classical part of the action gives only a factor which is independent of the collective 
coordinate r and has the correct dependence on the distance of boundary points, as can 
be checked by using 

i^A(^o(r),fo(r);fi,2) = ^2^^1 2) '^^ ~ ^^''^^^^^ ^^'^^^ 

where the sign on the exponentials depends on the points Xi or X2, respectively. It is 
now evident that the Jacobian factor is canceled by the integrations over the fluctuating 
coordinates, up to a A-dependent proportionality constant. Consequently, the two-point 
function in the large A limit is given simply by 

A 2 /■+00 

G2ixi,X2)^ ^Xi-X2\'^'^^~'^ dr {2 cosh t)-% (2.19) 

TT^ J-00 

where the e dependent contributions come from the factor 2;^ in the defining expression 
(|2.7|) . Thus, in the limit e — > 0+, we reproduce the correct behavior for two-point corre- 
lators for conformal operators, up to the pole singularity 

/■+00 2 

/ rfr(2coshr)-' ~ -. (2.20) 

J —00 £ 

We can compare this result with that of exact integration: 

r(A) ^2n^TiA-2)Tie/2)\^ ^ ,-2(a-.) SA^ 1 



^^^"^^'"^) = W(A-2) i " T r(A)r(e) '"^-"^'" ^ -i^-J"^'-"^' 



(2.21) 



Here we have used the general formula for this type of integral , 



d^ / d^'x ^ ^ , ^^ ,^ " ^ , ^^ ,^^^^ = \x,-X2\'^^+''-''-''I{a,b,c,D) 



J {z^ + {x - xi)^)''{z^ + {x - X2yy 

vr^/^ r(f + i)r(5 + c-f-f-i)r(| + f + f-6)r(| + f + f-c) 

i[a,D,c,U)- 2 T{b)T{c)Til + a + D-b-c) 

(2.22) 
In reality, for the effective theory described by ()2.1|1 . it is more appropriate to consider 

/d xdz r 1 

— g3^ ^''''^(-2, x)d^K/^{z, x; xi)duKA{z, x; X2) + m^K/^^z, x; xi)Ka{z, x; X2) (2.23) 

than (j2.7p . It is easy to repeat the above calculation for this case. Only difference of the 
final result from the case of G2 is the multiplication of (m^ — A^)/r?7,^ ~ — 4/A. 



2,. 2, 3-point functions 

Armed by this exercise, we now go back to the 3-point function (12. 3|) . The saddle-point 
equations are 

3 -> -> 

EA^^^7^^ = 0. (2.25) 

It is easy to convince oneself that, for generic configurations of three boundary points, 
there is no solution to these equations. However, if we take a limit where two of the 
boundary points, say, X2 and X3 approach sufficiently to one point Xc = {x2 + x^)/2, the 
same trajectory connecting xi and Xc as we have discussed in the previous subsection can 
be regarded as an approximate solution. Therefore, let us try to reduce the integral to 
the one along the following trajectory, 

1 1 \X^ — X 

^o(^) = 2(^1 + ^c) - 2(^1 ~ ^c) tanhr, Zo{t) = — ^ (2.26) 

with the fluctuations, x = x — xq and z = z — zq. For our purpose it is sufficient to 
evaluate the integral to the leading order in the short- distance limit, 

S = X2 — Xc = — X3 + Xc ^ 0. 

In order to avoid unnecessary complications, we assume that all three points Xi, X25 2:3 are 
along a single line on the boundary. 

The effective action for this computation 

Scff = J:A,\n^±^^^^^ (2.27) 

i=i ^ 

is rewritten as 



Ai + A2 + A3 /^^ ^^ + (xi-x)^ z^ + {xc-xf ^ 



2 V 7, 



Ai - A2 - A3 ^ ,^ ^2 ^ (fi - f)2 ^^ ^2 ^ (^ -^ _ ^y 
2 
, , / 26-(xc-x) + P\ , , / -2^- (fc-^) +<?% 



The first line of ()2.28|) can be treated in exactly the same way as for the 2-point case, by 
replacing A by (Ai + A2 + A3)/2 (~ Ji — > 00). Next, since 



Ai-A2-A3~0(l), 



the second line can be approximated by its value on the classical trajectory 



2 "- Zq Zq 

The third line gives, to the zero-th order with respect to the fluctuations 



(2.29) 



(2.30) 



2(A2-A3 



6 



(A2 + A3 



+ (A2 + A3 



e'^ + 0{6'). (2.31) 



Jj ]^ lIj (2 •-'-' ± "^ C. "^ 1 '*-' C 

Here we have kept the third term which is of second order in 5 — > 0, since it shows that 
for sufficiently large r there is a natural cutoff for the range of the affine parameter for 
arbitrary small 5 = \5\ ~ 0. The other terms which are independent of r can be ignored 
in the limit 5^0. 

As for the contribution of fluctuating coordinates in the third line, it is easy to convince 
ourselves that keeping only the first order term with respect both to the fiuctuations and 
to the short-distance cutoff 5 is sufficient for our purpose. The relevant terms are arranged 
as _ _ _ 



-4(A2 - A3 



6 ■ {Xc — x){z ■ Zq — X ■ {Xc — Xq)) 
{zl + {Xc - XqYY 



+ - 



5 ■ X 



2z^ + {xc - fo)^ 



(2.32) 

\Xi Xc\ 

which involves only the ^-fluctuation. Combining this with the relevant part of the Gaus- 
sian factor coming from the flrst line, the integral with respect to z is 



exp 



dz [measure] exp 
r5\A, - A3) V- 



— Z 



.2 4JicoshV A5{A2-A3) ^ 



e^ cosh T 



\Xi — X2I 



tXj 1 tXj p 



J\ \X\ — X2 I 



_2 4JiCosh r 

Z —Z ^TTT 



Fl — ^2] 



(2.33) 



X dz [measure] exp 

to the present order of approximation. The prefactor here implies that, together with 
the contribution from the 3rd term of ()2.3H) . the total factor which is responsible for the 
cutoff at large r region is 



exp 



2,52(A2 + A3) , 2r(A2-A2)2 6^ , , . 6^ J2J' 



\Xi - X2\ 



+e^ 



Ji 



\Xi - f2p 



exp 



-4- 



fl-f2P Jl 



2-3^2. 



. (2.34) 



Putting all of these results together and remembering that the Jacobian and the 
Gaussian integral cancel, the integral of the 3-point function now takes the form 

l!|f^ _ ^^|-(A.+A.+A3) r°°rf^,-(A.-A.-A3).g^p[_M^^^e2l (2.35) 

in the limit of large Jj and small 5. This expression shows that the precise form of the 
cutoff mentioned above is r < r^ with 



e-' = \'^T^^- (2.36) 

V Jl \Xi - Xc\ 

Thus, the 3-point integral can be expressed by a Gamma function and leads to 

i If, - f<J--.(2^)-<---— >(^)-'"'*"'-"'"=^^^^^*=^A. (2.37) 

JV ^ Jl ^ -Ai + A2 + As 

After fixing the convention for normalization suitably, this give the correct short- distance 
limit for the 3-point correlator, from which we can identify the CFT coefficient by equating 
the expression with 

lim ,^ ^„ ,^ ^''', ,^ ^„ ^''' ^ (2.38) 

where ai = (A2 + A3 — Ai)/2 etc. The precise normalization will be discussed in the next 
section. 

Let us compare this result with the exact computation. The same integral formula 
cited before gives 



d^xdz Jj f z nA. c(Ai,A2,A 



n(: 



3 J 



^5 11 V;^^ -K (x - Xj)2^ |xi - X2 1^1+^2-^3 |a;2 -X3 1^2+^3-^1 |a;3 _ a;^ I 

(2.39) 



c(Ai,A2,A3) 



vr 



r(|(Ai + A2 - A3))r(i(A2 + A3 - Ai))r(i(A3 + Ai - A2)) 

r(Ai)r(A2)r(A3) 

xr(^(Ai + A2 + A3-4)). (2.40) 



By taking the large Jj limit using the Stirling formula limj^oo r(<^ -|- /c) ~ v27rexp((J -|- 
A; — |) In J — J), we obtain 

2 ,7 7, .A^,A. A ^/oF('A2+A3-A 



TT 

— "o \X\ X(^ 



-..p,)-,.,«.-..,(M)-'— "^£(zS=l±i). (2.41) 



Jf ' " ^"^' ^ J, ' -A1 + A2 + A3 

which exactly matches ()2.37|) . 
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Thus we have confirmed that the 3-point correlators in the short distance hmit 6^0 
can be computed effectively as a process in the bulk occurring along a single tunneling tra- 
jectory connecting boundary to boundary, whose amplitude essentially takes the general 
form, 

-~9, (2.42) 



-Ai + A2 + A3 

. .J^Js.^l^^::^ -A^+A^+A3 

9-9[-^) r( + 1), 6 = 2,5, (2.43) 

with a suitable normalization convention, apart from the usual spacetime dependent factor 
Fi — Xc\ ^ 

The form ()2.42|1 is consistent with what we have proposed as the general structure 
for 3-point correlators which is expected from the spacetime picture for holography in 
the PP-wave limit. The parameter e ~ e~'^'= is the cutoff related to the distance of the 
operators 02(2^2) and O^i^Xs) at the boundary, as ()2.3(i|l . In our first original discussion, 
the emergence of this particular form is originated from the formal integral / dr exp[(Ai — 
A2 — A3)r] which appears in perturbation theory along the tunneling trajectory. This 
is actually ill-defined as it stands. To justify the expression ()2.42|1 . we had to invoke a 
wave-packet picture which is rather subtle in the Euclidean tunneling as is alluded to 
in |3]. According to the present argument, the ill-defined integral must be replaced by 
(j2.35|) which can be defined unambiguously by analytic continuation, due to the presence 
of the natural cutoff for large r region. Intuitively, the large r cutoff corresponds to 
the limitation of the picture using the single tunneling trajectory in discussing 3-point 
correlators for small but nonzero 6. Note that if we take the limit 6 —>■ naively inside 
the integral, this factor would have simply disappeared. In fact, the additional factor 
f^^i^J r( ~ ^^2'^^ ''' "'" ^^ ^^^ missing in the previous discussions, owing to 

this ambiguity. 

It is known that the coupling constants of supergravity modes in the bulk vanish for the 
so-called 'extremal' case with Ai — A2 — A3 = 0. However, as is well known, the extremal 
correlation functions themselves do not vanish 10 . This remarkable fact corresponds 
to the presence of the singular denominator in ()2.42j) . We propose that the holographic 
correspondence relating the bulk 3-point couplings and the CFT coefficients should obey 
the above general relation. Of course, the computation of this section is restricted to the 
supergravity approximation. Below, we will argue that this should generalize to non-BPS 
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stringy modes too, with slight corrections. Actually, if we only consider a restricted set of 
the correlators in which the numbers of 'impurities' are conserved, as has been assumed 
in the literature, the correction factor can be ignored in the large /i limit to the leading 
order in making comparison with perturbative computation on the Yang-Mills side, since 
Ai — A2 — A3 ~ 0(l//i^) for such cases. 

3. Effective action along the tunneling trajectory 

Since we have established that the computation of correlation functions (or CFT coef- 
ficients) can be reduced to the processes along a single tunneling trajectory connecting 
AdS boundary to AdS boundary, we can now proceed to derive an effective action along 
the trajectory directly from a more general effective action of supergravity in the bulk. 

3.1 Bulk effective action and the CFT coefficients 

We study the bulk effective action for general chiral primary operators consisting of the 
SO (6) scalar fields 0i(x) 

O^ = <,^...,Jr(0^V^^---0^'=). (3.1) 

Here, C is a totally symmetric traceless tensor whose contraction is normalized as 

{C'^C'-) = Cll^...,^C'-''^'--''' = 5'^'\ (3.2) 

and K = {211)^ /{gYM^Y^'^yk is the normalization factor such that the 2-point functions 
takes the form (xi2 = Xi — X2) , 

{0\x,)0\x,)) = /^. (3.3) 

Fi2r 

Since the BMN operators in the supergravity sector are essentially contained in this set 
of local operators, it should be possible to derive the effective action along the tunneling 
trajectory starting from an appropriate effective action for these operators. The BMN 
supergravity modes are a subset of ()3.1|) . expressed by using the complex basis for the 
S0(2) directions i = 5, 6 with Z = 75(^5 + ifpe)'- 

O^ = KC^^...._Tr(Z-^0^i0^2 . . . 0*fe + permutations), k = J + k, J ^ 00, (3.4) 

where Cl^i^,,,^. are now completely symmetrized traceless SO (4) tensors with unit normal- 
ization (similarly as ()3.2|) ) under contraction. The normalization constant is related to 
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that of the original set as 



J, ■ (3.5) 

Note that in the large J-limit the operators with 'vector' excitations DiZ are regarded 
essentially as the derivatives of ()H.4j) . and hence are included in this set defined by flH.4|l 
if we suitably take into account the variation of the boundary coordinates x. In fact, 
as we will argue later on we have to take a special care in the interpretation of vector 
excitations. 

The bulk effective action for the SO (6) operators has been derived in ref. [TTj : 

where we used Euclidean metric and assumed a particular normalization for the scalar 
fields: 

^^ = 2 ^Jk^^- (3-7) 

This is the effective action in the sense that it reproduces correlation functions through 
the Witten diagrams as studied in the previous section. Therefore, the freedom of field 
redefinition on the bulk side and correspondingly the choice of the basis of chiral operators 
on the boundary side are both fixed already. Remarkably, the set of bulk fields {0/} 
corresponding to the set {O^} are effectively treated as scalar fields propagating in the 
AdSs background without derivative coupling. The derivative interactions are removed 
by making a particular field redefinition in the derivation of this action.^ Actually, the 
effective action ()3.6p was obtained from the equation of motion of IIB supergravity. It was 
argued that the result must be correct including the normalization of the CFT coefficients 
by relating them to the R-symmetry currents which have been known to be given exactly 
by the free gauge theory. We refer the reader to ^J and the references therein for more 
details on this effective action. Also for a summary on the non-renormalization properties 
of 2-and 3-point functions of chiral operators, see e.g. ^3] and the references therein. 
The CFT coefficients C^^^^^^ of the above operators defined by 

nhhh 

{0'^{xr)0'%x,)0'%xs)) = |. |,,3|. I,, ,. |,,^ (3.8) 

Fi2r=^F23rM 3^311^ 

with 

A2 + A3 - Ai 
ai = , etc (3.9) 



^This does not mean that the interactions containing derivatives along the 5*^ directions are removed. 
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is related to the 3-pomt interaction in the effective action ()3.6|) by 

^1,1,1, ^ }^h^(^c'^c''C'') (3.10) 

IChcl2Ch\ = ^hhh (fcl + l)(fc2 + l)(fc3 + l) .o 1 1 A 

^ ^ a(fci,A;2,A;3)27S((S/2)2-l)((S/2)2-4)«ia2a3 ^' ^ 

S = A;i + A;2 + A;3 (3.12) 

"^^^' ^^' ^^) = (f + 2)!2(^-^)/^^,!a2!a3! ^^''^^ 

The first expression in this hst is nothing but the result of free field computation of 
correlators on the Yang-Mills side, with {C^^C^'^C^^) being all the possible contractions 
among the SO (6) indices of C-tensors. The second expression is its representation in 
terms of the bulk quantities, in which the factor a{ki,k2ik^) arises as the coefficient 
relating {C^^C^^C^'^) to the overlap integral of 5*^ harmonics Y^ , which appears in reducing 
10 D theory to 5D effective theory on AdSs backgrounds, as 

f Y^'Y^^Y^^ = a{ki,k2,k3){C^'C^^C^'') (3.14) 

The definitions of the S^ harmonics and their integrals are summarized in the Appendix 
A, to which we refer the reader for more details. The fact that the supergravity effective 
action is exactly matched to the free-field results on the gauge-theory side is interpreted as 
a consequence of non-renormalization properties of 3-point functions of chiral operators. 
This is quite remarkable since the supergravity limit a' ^ is nothing but a strong- 
coupling limit (^YM^ = R^ /{a'Y — i> oo on the gauge-theory side. 

Before going to our main task of this section, let us here check that the relation between 
the above effective action and the CFT coefficients is consistent with the prediction of 
previous section. Taking the limit Ji(= J2 + -^3), -^2, -h -^ C)0, we find 

Apart from the normalization factor which is independent of ai = (A2 + A3 — Ai)/2 = 
(^2 + ^3 — ^i)/2 = ai, this indeed coincides with the result obtained in the previous 
section, as it should. The difference of the normalization is owing to the fact that we have 
not yet fixed the precise normalization of two-point functions in the previous section. 
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The CFT coefficients can be expressed in terms of the SO (4) basis ()3.4|) of the BMN 
operators, using the relation 



r^C^^C^3) = aM^l-ri^-^t'^-^f^'^^^ (3.16) 

which is vahd in the large Jj limit. For a derivation of this relation, see the Appendix A. 
Thus the 3-point coupling coefficient in the above effective action is 



in terms of the SO (4) contractions. 

3.2 Effective + 1 dimensional action 

With these preparations, we are now in the position of deriving the effective action along 
the tunneling trajectory starting from ()3.(j|l . Let us parametrize the coordinates near the 
trajectory as in the previous section, 

z = Zo{t) + z, X = Xq{t) + X (3.18) 

with 

X = — nisinhr + a;j_. (3.19) 

Since the fluctuations around the trajectory can be assumed to be of order 1/vJ from 
the discussion of the previous section, we derive the effective metric which is correct to 
the second order in the fluctuations. The result is 

ds'^ = (1 + 5^ + Xj_)dT'^ + dz^ + (ix_|_ + higher order terms 

after rescaling as 



2 cosh r 2 cosh r 

and then making the shift of the time coordinate, 

sinh T 2 =.2 

"^"+2^^ir7(^ +^^^- 

To avoid notational confusions, we denote the rescaled fluctuations (x_l,z) by a four 
vector y = {yi, 1/2, 1/3, Hi). Thus the original fluctuating four- vector x in the bulk is now 

expressed as 

f^ - -^ \xi-Xc\, sinhf 

{x±,n-x) = 7-:- (2/1, 1/2, 2/3, 7-72/4) (3.20) 

2 cosh T cosh r 
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with the time parameter being redefined as 

sinhf ^9 

The effective metric 

ds'^ = (1 + y^)df^ + dy^ (3.22) 

has an S0(4) symmetry with respect to the rotation of y. We also note that, since the 
order of magnitude of y is supposed to be constant in r on the basis of this r-independent 
metric, ()3.20|) imphes that the original fiuctuating coordinates x decrease as e~'^', when 
we approach the boundary r — > oo. 

Using this metric, the quadratic terms of the bulk effective action ()3.6|) are given, to 
the accuracy of second order in y, as 

—^ J rfrrfV[(l - -y^)df(l)idf(l)i + dy(Pidy(l)i + (1 + -y'){J + k){J + k- 4)0,0,] (3.23) 

Note that we have changed the S0(6) index to the complex SO(2)xSO(4) index. 

The assumption that the magnitude of the fluctuating coordinates is of order 1/vJ is 
justifled in the language of the effective action as follows. Redeflne the flelds by 

0(r,y)=e-^>J^)(y)^(r), (3.24) 

0(r,^)=e+-^^0(^)(^)^(r), (3.25) 



['\y) = {J/^feM-7:Jy'] (3.26) 



with 

1 

2 

being the ground state wave function for the kinetic operator for the fluctuating coordi- 
nates, 

h = -dl + JV- (3.27) 

The hermiticity condition for our Euclidean fleld theory is |3] 

0(r,y) = 0(-r,y) (3.28) 

which requires the choice of signs in the deflnition ()3.25|) on the exponential. Here and in 
what follows, we rewrite f and i by r and z without tilde again for notational brevity. 



16 



In terms of the reduced field iIj{t),iIj{t), the leading term of the free action is then of 
order 0(J), taking the familiar nonrelativistic form in 0+1 dimensions as 

——. / dr J i)dri) - drijiJ + 2ki)i) . (3.29) 

(27r)^ J L -• 

The order 0{J'^) terms of the form J'^ipip are canceled, and the zero-point energy of the 
operator (j3.27p is responsible for cancelling a part of the order 0{J) term in the last term 
in the lagrangian density. Note that the term ISf'i/'p is of order one and hence can be 
ignored in the large J-limit. Absorbing the normalization factor for the field, the free 
Hamiltonian is seen to be k which correctly reproduces the 0(1) part of the 'energy' 
/\ = J + k. 

By performing the above redefinition for the cubic interaction term and rescaling, 
ij) — ^ ^-^ — Wj'^i ^° renormalize the quadratic terms in the standard form, the total 
effective action is 

/I ~ 1 /■ 

dTj2Ui'^i^r'ipi-^r'ipi'ipi) + kiiJi-^i]+- dr J2 ^7i,i2,h('^h'^i2'^h + h-c.), (3.30) 

I ^ ^ -^ h,l2j3 

Km,i. = ^^''^''^^^/jMGj.j.j,, (3.31) 

with Ji = J2 + Js- Comparing this result with the known relation ()3.15|1 connecting 
the CFT coefficients to the 3-point coupling constant, we confirm that the relation is 
again precisely the one discussed in ()2.42|) and ()2.43p . This establishes that the effective 
theory along the tunneling trajectory for the BMN operators with only scalar excitations 

isdisni). 

Now it is very natural to extend this action by including the higher excited states 
with respect to the Schrodinger operator ()3.27j) . Since the fiuctuating coordinates near 
the boundary ^o — ^ (r ~ ±00) are essentially the four vector x of the 4D base space up 
to an exponential factor Ixi — xde"'"^', taking these excited states into account seems to 
correspond to the inclusion of the vector excitations DiZ{Z) of the BPS-BMN operators. 
Here we write down this extension and will give a precise discussion of this correspondence 
in the next section. The decomposition ()3.24|) is generalized to the infinite expansion over 
the complete set of excited states, 

/r, \5/2 1 

Mr,y) = \l^ e"^-E0i^)(y>„(r), (3.32) 
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where 






i=l 



-TT' 



mi! 



are the normahzed eigenf unctions. The kinetic term is then extended to 

1 — — ~ ^ — 



(3.33) 
(3.34) 

(3.35) 



and similarly for the interaction term 



1 
2 



E 



/l,n(l),/2,n(2),/3,n(3) 

with 

J2,h 

3.3 Vector excitations 



1 „_8+Ji2^/^ A— — — , „(1)„(2) (3)- , A N 



ttSAT 



^i^ 



^n(i),n(2) (3) TtJi /■ ,4- ,(Ji)/-n /(J2)/-n /(Js)/ 



(3.36) 
(3.37) 



The form of the effective action ()3.36p and ()3.37|) including higher excited states with 
respect to the fluctuations y indicates that the vector excitations of BMN operators in 
the bulk can be treated in the same manner as the scalar excitations. On the boundary, 
BMN operators with vector excitations restricted to supergravity modes can be regarded 
essentially as derivatives of those without vector excitations; for sufficiently large J, 



C 



Knn-Adn---dnMZ 



iii2—it jiJ2---je n :!2 



r^i.i^,^...,^K^^^...^T:t{Z'-%,ZD,,Z . --D.^Zrc 



cl 



!)*fe + permutations) 

■ ■ 0*fe + permutations) (3.38) 

where K^'^,,,,, is again a completely symmetric and traceless tensor" along the base-space 
directions on the 4D boundary, with the normalization condition of the same type as for 
C^ . The 'permutation' of the second line means a summation over all possibilities of dif- 
ferent orderings of operators including DjZ. We expect that the excitations with respect 
to yj components correspond to the action of dj on the boundary, as suggested in the 
original BMN proposal. However, we encounter two puzzles with this naive expectation. 

"strictly speaking, we should include the derivatives of the scalar impurity fields and also higher 
derivatives appropriately in the right-hand side of |^2HJ- In the present section, we do not treat the 
trace part for simplicity. They will be partly considered in section 5 after we construct the holographic 
string field theory. 



Firstly, we have stressed in subsection 3.2 that the fluctuations with respect to the 
original 4-coordinate x vanish exponentially e"'"^' as we approach the boundary. We then 
naively expect that the higher excited states do not affect the boundary theory. However, 
this is actually as it should be in accordance with our S-matrix picture ji] for the PP-wave 
holography. When an asymptotic state is an excited state, we have to supply an additional 
energy-factor e^'"^' to the wave function, by the definition of the S-niatrix, which would 
just cancel the decreasing exponential associated with y fluctuations. In the case of scalar 
excitations discussed in section 2, the boundary condition ()2.6|) of the bulk-boundary 
propagator already takes this into account, as is visible in the boundary condition ()2.(jj) . 

Secondly, the effective 0-1-1 dimensional action clearly demands that the 2-point func- 
tions must satisfy an orthogonality condition, since the quadratic terms are diagonalized. 
To the contrary, the two-point functions obtained from the standard form .^ _l ^a by 
acting derivative do not satisfy othogonality: for instance, 

Tl ■ 

di j In Ixi — X2I = T^ — ^-^TT, (3.39) 

\xi — X2I 

c^i,jiC^2,J2 ^^ 1^1 - ^2! = -7^ ^-T^((5jij2 - '^nj^rij^j (3.40) 

\Xi — X2\ ^ ' 

with Tij = (xi — X2)j/\xi — X2\. The appearance of the tensor factor Sj-^j^ — 2nj^nj.^ = Cj-^j^ 
is consistent with the relation (j3.20|) of fluctuating coordinates with the vector y, requiring 
that the directions of y along n are actually opposite at two asymptotic regions r — > =Foo, 
corresponding to Xi and X2, respectively, at the boundary. The tensor Cij is usually 
associated with the conformal inversion x —^ x/\x\^. In our case, this is an automatic 
consequence of the bulk-boundary correspondence. However, ()3.39|) evidently leads to 
an inconsistency with the orthogonality between scalar and vector excitations. In the 
literature (see e.g. ^|), a particular way out of this difficulty has been discussed without 
a definite physical picture for holography. The suggested procedure recovers orthogonality 
only after taking the limit \xi — X2I ^ C)0. Since our picture for holography must be valid 
for any finite \xi — X2I, it is not satisfactory from our standpoint. 

From our viewpoint of a direct correspondence between bulk and boundary as clarified 
up to this point, the origin of this apparent discrepancy lies in an important difference 
with respect to the SO (4) symmetry on both sides. For the bulk, we use the metric 
()3.22|) which characterizes the geometry close to the tunneling trajectory traversing from 
a fixed boundary point to another fixed boundary point. In particular, the trajectory 
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is asymptotically orthogonal to the boundary spacetime, and the fluctuations near the 
boundary have an SO (4) symmetry under global rotations of y. The SO (4) rotations 
must be performed simultaneously at all points along the trajectory, and consequently 
at both ends on the boundary. It is important to recognize that this SO (4) symmetry 
cannot be identified with the SO (4) isometry of the AdS metric with respect to x, as is 
indicated by the relation ()H.2()|1 . Since the latter isometry should correspond to the SO (4) 
symmetry of the boundary theory, the rotations of y cannot be directly related to the 
usual SO (4) symmetry at the boundary. 

For the boundary theory, we are using the fiat Euclidean metric along the boundary 
space. The change of a distance caused by a small variation of points in the fiat Euclidean 
metric is not of second order with respect to the variations of coordinates. 

(f, + 5x, - X. - 5x,f = |x, - f.rfl + 2(n . ^4^^) + (4?^^)1. (3.41) 

L ^ \Xi — X2I ^ ^ |Xi — X2I ^ -' 

This is not S0(4) symmetric under the rotation oiy. Note that the S0(4) transformations 
of y must be done with fixed fiducial points, xi and X2, in such a way that the vicinities 
around them are simultaneously rotated. Obviously, such an SO (4) symmetry cannot 
be identified with the usual global SO (4) isometry of the original AdS metric. One 
might wonder that this is then a self-contradiction. But that is not so. As we have 
emphasized, the magnitude of fiuctuations around the trajectory vanishes exponentially 
as we approach the boundary, and hence there is no contradiction. This is also consistent 
with the fact that the tunneling trajectory is a classical solution under the restriction 
that the fiuctuations satisfy the Dirichlet boundary condition at z = 0. The Euclidean 
S-matrix, however, requires us to 'blow up' the vanishing fiuctuations near the boundary 
at the vicinities of the fiducial points by multiplying the powers of e'^' = e^ ^ 00 in such 
a way that the S0(4) symmetry with respect to y is kept. The process of blowing-up 
amounts to introducing a particular UV cutoff for the boundary theory. 

Therefore, the naive identification of the vector excitations in the bulk with the deriva- 
tions DiZ on the boundary is not precise. We have to check from the bulk point of view 
how the small variations near the boundary are treated by deriving two-point functions 
for them following the approach of section 2. Suppose that external lines are general 
vector states corresponding to the operators ()3.38p with two traceless symmetric tensors 
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K^^ and K^^ . This amounts to extracting the parts proportional to 

K^^ ,,ii, J2 . . . „ ,i«i Ty-L2 1/11/2 . . . i/lo 

from the bulk-boundary propagators in the integrand ()2.7|) . 

, J+k / Z \ J+k 



d i- 



^z"^ + {x + 6x — xi — 6xi)'^-' ' ^z'^ + {x + 6x — X2 — 6x2) 
respectively. They are given by 

^'-'■^^^^^(..TWr^)'*'-. (3-) 

respectively, in the large Jj-limit, where 

x' = {5'^ - 2n'n^)x^. (3.44) 

Note that the use of redefined x* is required by the change of sign in the relation ()3.2()|1 
between the fluctuating coordinates with y in the limit r = ±T (T -^ 00). Although the 
4-th components actually give the powers of | tanhr| in converting from x/z (or x/z) to y, 
they can be replaced by one in the leading singular part with respect to the regularization 
e. Then, the result of saddle-point integral is 

SLiL2:!1^2JYH,\\xi - f2|-'(-'+'+'^)(5^^^^-. (3.45) 

TT-^ e 

The Kronecker 5-^1^2 g^^^ ^^j-^g pref actor arises by the Gaussian integral 
(2 tY^+'^ K"^^ /r^2 jdy^yi^y^^---y^^^y^'^y^'^---y''^2e-Jy' 

In terms of derivatives with respect to (xi, X2), this result is expressed as 



(3.47) 
with 

di = {6ij — 2ninj)dj (3.48) 
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being the derivatives with respect to x*. Here the subscript g for the distance |xi2| 
indicates that the derivatives are computed by assuming that the small variations with 
respect to the boundary positions are defined by 

Ifi^r - (^1 - S,)Hl - 2^^^) (3.49) 

^ Fi — a^2r^ 

instead of the naive expression ()3.41|) . Apart from the terms 5x1, 5x\ which do not con- 
tribute owing to the traceless condition for the tensors K^^ and K^'^, this amounts to 
dropping all terms which violates the SO (4) symmetry in ()3.41|) . Strictly speaking, we 
should have denoted the derivatives 9j, di by using different notations to indicate the sit- 
uation. Effectively, our prescription is equivalent to dropping terms which violates the 
SO (4) symmetry, and is consistent with the prescriptions adopted in other approaches. 
Practically, the following rule is valid: First we consider only the directions orthogonal 
to n to obtain SO (3) symmetric answer. Then, we extend the results formally to SO (4) 
symmetric ones. 

The variation indicated by ()3.49|) can be interpreted as the variation of the distances 
measured using the Plane- wave metric (|3.!2!2|) . The minimal distance defined by the dis- 
tance functional 



m.mT)=jdr^l+y^+{fY^jdr{l + \{f+{ff) (3.50) 

with the boundary condition 

y(T) = yi, y{~T)=y^ (3.51) 



behaves as 



£(yi,y2;T) = 2T+]-{yl + yl)i^nh2T ^''^^ 



2'^' ^^' sinh2r 

2T + \{yl + yl) - 2y^ ■ y.e'^^ + ©(e"^^) (3.52) 



Thus the transition amplitude is 



with 



^-{J+my.,yr,T) ^ ^-2iJ+k)Tf^ _ ^flll^y^' (3.53) 

^ \Xi — X2\ ' 



0X\ ~ T-^ ^"7, 0X2 ~ 7"^^ ^"T (3.54) 

\Xx-X2\ \X\-X2\ 
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which are required by the relation ()3.20j) for large \t\ -^ T. Note that we can ignore 
the term ^(yf + yf) i^ (J3.52P . which corresponds to the redefinition ()3.21|) and does not 
contribute owing to the traceless condition. 

We can extend the above argument to 3-point correlators with vector excitations. By 
an obvious simplification of notations, we are lead to the integral 



^ ' ' dy y^^y^^ ■ ■ -y^i^iy^^y^^ . . .y't2y^iy^2 . . . y^'a e •^^y 



Jdy^e--^^y' 

x( scalar integral with Aj —>■ Ji + ki + ii) 

(jhhh 
^ |f^^|2{Ji+fci+^i)|25|2{Qi+/3i) ^ ■ '' 



where 



(3i = {i2 + i3-ii)/2, etc. (3.56) 

Taking into account the normalization factor, this leads to the CFT coefficient 

^hl2hML2L, ^ / Jl x/3w 72^2/2. 73^3/2 



X ^^g?%±A^C^^^^^3^;^..^..^.3) (3.57) 

Pi!p2!p3! («! - 1)! 
From the viewpoint of boundary, this result can again be formulated as the conse- 
quence of the replacements, 

\xu\' - (fi - fo)^(l - 2^^^), \xrs\' - (fi - xo)^(l - 2^^^) (3.58) 

^ \Xi — XqY' ^ \X\ — XqY' 

125^^(25)^(1 -2?!^) (3.59) 

in acting the derivation 



3 



directly to the general form ()3.8|1 of the 3-point correlator without vector excitations. 
The prescriptions ()3.58|) are equivalent to ()3.49|) to the leading order in 5, while fj3.59|) is 
necessary to be consistent with the SO (4) symmetry. 
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Combining with the CFT coefficient of pure scalars, we obtain 






in terms of the pure-scalar 3-point couphng, or using the expression for the scalar vertex 



1 VJ1J2J3 ( Jl \ai+/5l. r, \y ^H 



^71.2^3.^^2^3 ^ _ V -x^z^o _^ («! + /?: 



A^ ^1 VsJs^ ai+/5i 



in terms of the SO (4) tensors. On the other hand, the effective interaction ()H.H7p in- 
cluding the vector excitations shows that the 3-point coupling for the external lines in 
consideration is given by replacing the coefficient G11I2I3 for purely scalar excitations as 



6f,',r = ft.„4f )'''Xf) fiffr<'^''''^-''*"'>- (3-62) 



Comparing this with ()3.6Up taking account the normalization factor in the 3-point inter- 
action term of the effective action, we can conclude that the general form, as derived in 
section 2 for the holographic correspondence of scalar supergravity excitations, extends 
to a more general case including the vector excitations, 

TLiL2i3 

A?£? = («)<-■— '"^(^1141^^ + l)Af..,tr (3.64) 

with Ai = ki + ii = Ji + ki + ii. 

Supersymmetry demands that this should extend further to fermionic excitations. 
Since we treat the full supersymmetric string field theory later, we do not discuss the 
supersymmetrization of our arguments explicitly. We only mention that to discuss or- 
thogonality including fermionic excitations, the spinor equivalent to the inversion tensor 
^j^j2 — 2nj^nj2 transforming spinor indices between two boundary points is the S0(4) 
gamma matrix Z7*n\ In computing correlation functions, we have to extract S0(4) in- 
variant pieces in similar manner as for bosonic excitations by taking into account the 
transformation of spinor indices between two boundary points. This is effectively equiv- 
alent with the procedures adopted in other works. 
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3-4 Operator representation and the a' corrections 

On the basis of our results, we are now prepared to proceed to the construction of a full 
'holographic' string field theory. Before that, it is convenient to first rewrite the foregoing 
results using oscillator representation. By substituting the expression for the general 
3-point coupling, the effective action is written as 



S, 



eff 



S2 + Ss 



/■ rl — — 1 ~ — 

1 ,i/ 



(3.65) 
(3.66) 



S, 



1 



NR 



dr J2 (^iyJiJ2J3 i^hM^hM^'hM 



h,h,l3 



J2 \ {k2+h)/2 / J3 N (fe3+^3)/2 



Jl 



■h 



ai\a2la3\ /^i!/^2!p3! 



(3.67) 



where we have recovered the length dimension. The integrals over the angular momentum 
J should be understood implicitly. We introduce the bra-ket notation for the field by using 
the 8 dimensional oscillator algebra of Oj, a]; ai\0) = 0, [oj, a^] = 5ij (i = 1, 2, . . . , 8) where 
the first 4 directions correspond to the SO (4) indices of the vector directions y, and the 
remaining 4 directions (i = 5, . . . , 8) represents the S0(4) indices of the scalar excitations. 



\i^^ = cL-.M 



3\]2---Ji 



km 



I,L 



^ii '^12 ' ' ' ^ij. ^ji ^J2 



'4|0). 



dr\^) - -{drm\^) + ii^lhs^li^) 



{^j{r)} ^ mr)) = Y.^j,L{r)\I,L), (3.68) 

(3.69) 

^2 = / drl^imOM) - ^(dA^l'Dm + mhj^)\ (3.70) 

h,„ = hs + h^, /is = — y^ajcj, hv = —y^^ci]aj. (3-71) 

The parameters familiar in string field theory literature are i?^/ J^(a')^ = A' = l/{fip'^a')'^ = 
Qym^I JiiQ'i = Jf/N. In terms of the string-length parameter, a(^r) = ct'p^, fi\a(r)\ = 
a'Jr/B?. Note that /i ~ l/R since |p+| ~ Jr/R and also that a(i) < 0,q;(2) > 0,0(3) > 
in the present convention. The supergravity limit corresponds to the limit a' ^ with 
fixed R = {g^uNY^^a'. 



The free term of the action is then 

■1.,- 



with 



1 * 
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The interaction term is expressed in terms of the overlap state defined by 

l^o) = exp[-i J: (E<)^So«I(s) + E4(r)^So4(.))]|0) (3-72) 

r,s=l i=l j=5 

with the supergravity part of the famihar Neumann functions in the zero-slop limit a' ^ 0. 



"''""'s rl _ ^r _ _ Nr f„„ », „ _ o o „„J „11 

Ji V -'1 



n'^^^ = 6''-J^, nll = nll = -J^ for r,s = 2,3 and nH = (3.73) 



The unusual minus sign on the exponent is owing to our phase convention for the creation- 
annihilation operators. As is well known, the overlap state is the ground-state solution 
for the continuity conditions satisfying 

3 J J 

EpmI^o)=0, {x(3) - ^X(^2) - ^X(s))\vo) = (3.74) 

r=l >^1 >^1 

where 



/ t \ / T / t 

X( ■ — C-, , I -I ^ ^, , _ __., ; /■^, , ^1 



for all 8 directions. The 'ground state' means that it also satisfy the locality condition of 
the form 

(a;(i) - x^2))\vo) = (3^(1) - X(3))\vo) = 0. (3.76) 



We find that 



(l)(/l,^l|(2)(/2,i^2|(3)(/3,^3||^^o) = (y) ' (y) 



^ tea) jg^IM+M 



X V^llM^(C^^C^^C^3)^^^ (3.77) 

This shows that the 3-point interaction part of the effective action takes the following 
simple form 

^3 = ^ I dr ^,){^\^2Mi3M^/JMih^ + hf^ - h^^^)\vo) + h.c. . (3.78) 

The integral with respect to the angular momentum under the conservation condition Ji = 
J2+J3 should be understood implicitly as before. The most important characteristic of this 
expression is that the so-called 'prefactor' involves only the energies of scalar excitations. 
As we have stressed in previous works, the holographic relation of our type does not 
necessarily demand that the prefactor itself is the difference of the free Hamiltonian h^^J + 
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^i? ~ ^'^sv ■ ^s a consequence of this remarkable property, the 3-point vertices vanish 
whenever the scalar energies are preserved. This implies that, except for special cases 
when the vector energies are simultaneously preserved, the 3-point correlators vanish, as 
has been explicitly exhibited in the expression of the CFT coefficient ()3.61|) . Since we have 
constraints ki < A;2+^3 and ii < £2+^3, the conservation of both scalar and vector energies 
is possible only when the total energies are conserved, namely, when Ai = A2 + A3. Note 
that in this extremal cases we have finite results for the 3-point correlators, owing to the 
vanishing denominator in our holographic relation. 

Of course, the above action for supergravity modes is valid in the limit a' -^ with 
fixed R. The limit a' ^ corresponds to the imposition of the locality conditions ()3.7(')|) 
for the overlap state. However, when we consider a finite a', the latter conditions cannot 
be preserved, as it should be for general string states which have nonzero extension. 
Then only the more general continuity conditions ()3.74|1 are satisfied. Correspondingly, 
the Neumann functions n^Q for the zero modes must be replaced by A^qq, defined by 



Ko = fnl'o = f{S''-\j^), N^o=<o = -^j^ for r,. = 2,3 and iVj ^ = 

(3.79) 
where / = 1 — 4/ia(i)a(2)Q;(3)-ft' is a nontrivial function of ^a(^r) {^ = 1,2,3). For the 
definition of the quantity K, we refer the reader to the Appendix B. In the supergravity 
limit a' —^ 0, keeping R and Jj fixed, we have f —>■ 1. In the opposite large n limit, it is 
known that 

47r/ia(2)a(3) 47ra'J2J3' 
We denote the overlap state with this modification for finite a' by |Vo). 

1^0) =exp[-l J: (E«lM^ooHs)+E«,V)^o>k))]|0) (3.81) 

r,s=l 1=1 j=5 

The use of the a'-corrected 3-point vertex which is given by the same form as ()3.78|) 
but |fo) being replaced by |Vo) leads to a correction factor f^^ for the matrix elements, 
multiplying the original local form. 

On the other hand, the normalization of the CFT coefficients for the BPS operators 
used in the foregoing subsections is believed to be exact to all orders in the gauge coupling 
A = g\y[N , because of the non-renormalization property of 3-point functions of chiral 
operators. Indeed, as we stressed before, the CFT coefficients are nothing but the results 
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from the free field theory, which corresponds to the large fi limit. This imphes that for 

nonzero a', the rule of mapping between the matrix elements of the bulk 3-point vertex 

and the CFT coefficients must be extended as a natural ansatz to 

'\L1L2L3 

^llt' = (/^) -'---— "V(^l±^i^^ + l)Af.',5^ (3.83) 

with 



\hli,t = i^x)^xM\m^hMV^^.hM\^^^^ (3.84) 

and the 3-point interaction term of the action is 

^3 = ^/^r(i)(^|(2)(^|(3)(^|^^^^5(;,(2) + /,(3) _ /,(i))m) + /,.,. . (3.85) 

This is the main prediction of the present paper. By construction, this gives the same 
CFT coefficients for the purely supergravity modes. But for higher stringy modes, the 
correction factor would play an important role for impurity non-preserving processes. 
The appearance of the factor / with non-trivial a' dependence is not surprising if we 

/ , , \ -(A2+A3-Ai)/2 

recall that the origin of the factor f ^^j^ j is the relation between the length 

b and the cutoff with respect to the r integration, as exhibited in the integral ()2.35|) . 
Our prediction indicates that the nonlocality of the vertex is essentially represented by 
a rescaling b -^ Sy/f. Finally, we also mention that this interaction vertex is not SO (8) 
symmetric, contrary to a possibility suggested in j4j. The origin of this phenomenon is the 
asymmetric roles played by scalar and vector excitations from the viewpoint of boundary 
theory, as we have analyzed in the previous subsection. 

4. Holographic string field theory 

In our first work 4J on the PP-wave holography, we have emphasized that string field 
theory describing the plane-wave background cannot be constructed uniquely by the re- 
quirement of supersymmetry alone. Our claim was that there should exist a unique 
'holographic' string field theory which realizes our holographic relation. We now have a 
more concrete constraint for the holographic string field that it should have the 3-point 
vertex ()3.85|) when restricted to the bosonic supergravity sector. 
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There are basically two different proposals for 3-point vertex, conforming to the re- 
quirement of supersymmetry algebra {Qa, Qd} = '^^aaH up to the first order with respect 
to the string coupling. Let us first briefly review them. The most familiar is the one which 
was first proposed in [T6t ITTj as a generalization of the light-cone string field theory in fiat 
spacetime, as constructed by Brink, Green, and Schwarz long time ago. This proposal 
was corrected and established in subsequent works [IHl CHI EOl EI] ■ We denote this vertex 

by 

\H,)sv = Psv\E) (4.1) 

where \E) is the overlap vertex including both bosonic and fermionic oscillators. The 
explicit form of the prefactor Psv is given in the Appendix B, where all of the other 
necessary definitions and formulas of string field theory are summarized, in order to make 
the present paper reasonably self-contained. It has been shown that this vertex has a 
nontrivial relation with the matrix of operator mixing which appears in the perturbative 
computation of anomalous dimensions on the gauge-theory side. We will come back to 
this point later. 

Another version of the 3-point vertex, which was proposed J2E] later in connection 
with the duality relation of our type, takes the following form 

\H,)n = {Hf^ + Hf^-H^^'^)\E) (4.2) 

where 

iff)=l 1 E ^''^^i'^M'^^ + ^i^^^^i'^^) with c.(^) = ^n^ + {^(r)? (4.3) 

\(^(r)\ n=-oo 

are the free Hamiltonian operators. Here the string-length parameters are chosen such 
that a(i) -|- a(2) + a(3) = with Q;(2),a{3) > and q;(i) < to be consistent with our 
conventions used in the foregoing analyses. Note that this Hamiltonian coincides with 
the total free Hamiltonian hgv, (13.711) . of the previous section when it is restricted to 
supergravity modes with the identification /i = 1/R. The form ()4.2|) is the simplest 
realization of the way which was discussed in our first work 4 to obtain susy-compatible 
interaction vertices. In particular, it satisfies the SO (8) symmetry suggested there. The 
authors of [26^ has shown that this vertex gives nontrivial matrix elements in the leading 
order of the l//i-expansion for impurity preserving processes, following the duality relation 
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of our type 



(A2 + A3 - Ai)C7i23 = ^^^^^-(1, 2, 3\H,), (4.4) 

JM jJi 



when the mixing of gauge-theory operators is ignored. This duahty relation itself for 
impurity-preserving processes was first proposed in [22] from a viewpoint which is entirely 
different from ours, and was actually abandoned later since it turned out that the relation 
was not appropriate for the original purpose after correcting a sign error in some earlier 
versions of works on PP-wave string field theory. This relation is in fact obtained from 
our holographic relation in the limit of large /i for arbitrary 3-point processes when the 
number of impurities is preserved. We stress that in the light of our works, the more 
general relation summarized in (|3.82|) ^ (|3.84j) has a firm physical foundation from the 
holographic principle. We should also recall that we are using the Euclidean picture of 
the tunneling and hence this form of the interaction proportional to energy difference 
must not be thrown away by a possible nonlinear unitary transformation: The 'energies' 
are not conserved for the Euclidean S-matrix. For a detailed discussion of our S-matrix 
picture, we invite the reader to jl]. 

These two candidates for the 3-point vertex conform to different duality relations 
connecting bulk and boundary. The first type \H^)sv does not fit to our holographic 
relation. The second type \H^)d does not either, though motivated by ()4.4p . since for all 
of our arguments from section 2 and 3, the gauge-theory operators have to be definite 
conformal operators of which 2-point functions are diagonalized and 3-point correlators 
take the standard conformal form ()3.8p . However, it is important here to recall that 
the requirement of supersymmetry algebra to the first order in the string coupling puts 
only a linear constraint. Hence, any linear combination of two possible vertices with 
some global coefficients depending only on string length parameters and the curvature 
parameter \foi' ^ ~ \/q' / R can be an allowed candidate for the 3-point vertex. 

We can now study whether it is possible to obtain our effective action ()3.85|1 for 
supergravity modes from these vertices. Let us first examine how the above two vertices 
behave when they are restricted to purely supergravity modes. For purely bosonic external 
states, they take the following forms 



\Hz)sv =^ ^ 



^ ^- ,2 . .^2^ 4 



E (^lO - (^n) - E {ix^f - (^ri)l 1^.) 



4=5 ^l=l 
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m= 



1 "(r-) 



3 8/00 [r)i 00 Jr)i ^ 

EE E ^«^^^^«^^^ - E ^^«^t^«^t ) \E.) 

r=l i=5 \m=Q 
3 4/00 

EE E — «^^^^«!n^^ - E "^o^^^o^i:. ) 1^.), 

r=l i=l \m=0 "^('O m=l '-'^{»") 



, ,(r) 00 ,(r)i 



(4.5) 



1^3) 



D 






i=5 



\Ea) 



EE E 



Co", 



(r) 



-a. 



a^ 



=1 j=l \m=0 "W 



+ E 






1 "(r) 



l^a). 



(4.6) 



The state \Ea) is the bosonic part of the overlap state. The expression Xi and Xn, defined 
in the Appendix B, contain the oscillators of only cos and sin modes, respectively, which 
are represented by the creation-and-annihilation operator of positive (a^^^) and negative 
(a-n) indices, respectively. As briefiy discussed there, the factorization formula for the 
Neumann matrices J2S1 ^] allows us to derive the above simple expressions in terms of 
world-sheet energies u^. 

By restricting to the zero modes, we see that neither of them separately reduces to 
the effective action of the previous section. However, it is now evident that if we combine 
them with equal weights we can get the desired form 



1^3)/ 



-^i\H3)sv + \H3)d) 



EW)' + E(^ii)' l^a) 



\i=5 



8 00 (r) 

^m ir)iiir)i 



i=l 

4 00 



r=l \j=5 ■m=0 "(»•) 



+ E E ^a^}:^a^:}:. 



\Ea), (4.7) 



i=l m=l '^(r) J 

which in the zero-mode sector reduces to the form {h^f^ + h^f^ — /i^^))|Vo), involving only 
the scalar oscillators in the prefactor, as derived in the previous section. Apart from 
the overall normalization fixed by comparing with ()H.85p . this combination is unique. 



Therefore, we have arrived at the uniquely possible string field 3-point interaction term 
which is consistent with the conclusion that we have reached by foregoing discussions. 

We note that when restricted to the scalar modes the form (j4.7p coincides with the 
one suggested previously in jSH] as the possible prefactor which is compatible with the 
holographic relation ()4.4|) . Namely, they have shown that this gives the correct CFT 
coefficients after taking into account the operator mixing for scalar operators with two 
impurities. The result ()4.7|1 shows that the scalar prefactor indeed consists only of the 



31 



COS modes as they have proposed, while actually the vector prefactor must consist only of 
the sin modes, in order to be consistent with supersymmetry. 

Thus the conclusion of this section is that the holographic string field theory is given 
in the following form up to the first order in the string coupling 

Sh = Sh^2 + Sh,3, (4-8) 

Sh,2 = JdT[^mdrm - ^{dMM) + (?l^2|^)], (4.9) 

Sh,3 = ^Jdrn) m(^2M(^sM\/jM\Hs)h + h.c. (4.10) 

The integral over Jj under the condition Ji = J2 + J3 is implicit as before. 

This action has no SO (8) symmetry, nor even the Z2 symmetry. We also note that 
the holographic string field theory does not directly reduce to the familiar Green-Schwarz 
form in the flat limit R —>■ 00. This was the case already in the supergravity sector. 
Since the AdS/CFT correspondence between bulk gravity (closed string theory) and CFT 
on the boundary is a concept which requires a global consideration of the whole AdS 
spacetime, the fact that the flat limit is not direct is not surprising. 

5. Relation with other possible duality maps 

In the present section, we discuss the relation of our results to other proposals for duality 
maps, especially the one advocated in refs. ^^. As we have already mentioned, it has 
been shown that the 3-point vertex \H3)sv of the first type has a close connection with 
the matrix of operator mixing in the perturbative computation of anomalous dimensions. 
It is indeed reasonable to assume that there exists a quantity in the bulk which plays the 
role of the operator mixing. The operator mixing is necessarily associated with pertur- 
bative renormalization procedure in higher orders with respect both to gauge coupling 
and to genus expansion in our situation where there is a large degeneracy with respect to 
conformal dimensions at the lowest order. 

The first indication for the necessity of taking into account the operator mixing comes 
from the behavior of 3-point functions at the first order in A' = A/ J^. Take for instance 
the simplest case of the 3-point function of operators with two different impurities {i 7^ j), 

{0i^niXl)0lU^2)0t'^'{xs)) = 
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\2 , t i__^ /a^31^12A\ 



fi'2C„;r„y[l - A' (a„;mj/log(Xi2A) + &„;my log f ))], (5.1) 



where 

/=0 



^/JN'''+^ 



and 04c is just the BMN operator corresponding to the ground state, with 



an-^my = "^Vz/^ ^n;my = n{n - m/y), and Cn;my = J J 2( _rn)2 - (^'2) 

For notational brevity, in the present section, we suppress the classical part (namely, the 
zero-th order in A') of spacetime dependence for gauge-theory correlation functions. Note 
that an;my is noting but the anomalous dimension of 01^ since it comes from Feynman di- 
agrams where the interaction occurs only between 0;[(xi) and 0'^{x2), while &n;mj/ comes 
from graphs where the interaction occurs among all three operators 0:^{xi), 0^{x2) and 
0|^~^^'^(x3). This form, however, does not take the standard form of a 3-point correla- 
tion function of conformal operators. In other words, to this first order in A', the BMN 
operator O^^- „ cannot be regarded as a conformal operator characterized by the standard 
conformal transformation property. 

As is well known now, this difficulty is resolved if we take into account the operator 
mixing with multi-trace operators. Consider a 2x2 matrix of two-point functions of 
operators, 

Oin = ^j^j^, E e'^Tr (0.ZV,^'-O and T^^l =: O^^^ 0^^-y>' : . (5.3) 

With respect to the genus-expansion parameter g2 = J'^/N, the diagonal elements begin 
from the zero-th order, while the off-diagonal elements, being interpreted as a 2-body to 1- 
body (or 1-body to 2-body) process, starts from the first order. Therefore, we can express 
the general structure of this matrix to the first order both in A' and g2 as pSl 1221 ISOl 1^ 

{Oa{0)Ob{x)) = Gab + AT^^ log(a;A)-2, (5.4) 

with 

Gab=(^- 5 \ )+^^fc° V)' (^-^^ 

_ I n Onm ] j_ ^ ( ian-my + bn;my)Cn;my\ /[- ^x 

i-AB-\ a rn^x A +^2K. ,/, ^^ n ' l^-OJ 
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Note hat the 2-point functions between a single-trace and a double-trace operator are 
obtained by taking the limit X23 ~ 1/A -^ 0, and also that 1/A is identified with the 
short-distance cutoff parameter associated with loops in the sense of Feynman diagrams. 
The specific ansatz proposed in jHSl in order to relate this mixing matrix to string-field 
theory vertex \H3)sv is as follows. We first transform the basis for these operators by 
Oa = UabOb such that 

(O^(0)dB(x)) = (5AB + O(A'). (5.7) 

However, this requirement alone does not determine the basis completely. To restrict the 
basis further the authors demand that the transformation should be symmetric and real. 
Then, the transformation matrix U can be fixed to the present order 0{g2) as 

f7=l-^G(i), (5.8) 

where G^^-* is the 0{g2) part of Gab- By this change of the basis, the matrix Tab is 
transformed to 

r = r(o) + g^T^-'^ - ^{rw, G(^)} (5.9) 

to the present order of approximation. The observation of [32] is that the off-diagonal 
part of this matrix coincides with the matrix elements of the interaction vertex of the first 
type, namely, \H3)sv- This has been confirmed in several cases, for instance, for scalar 
impurities in |S21 IHBl Ull , and for other cases including vectors and fermions in jTH inHj • 

For the supergravity chiral operators, the mixing matrix Tab vanishes. In connection 
with this, we note that in this case the matrix Gab should not be interpreted as repre- 
senting operator mixing, as we will touch briefly below. This is as it should be, since the 
3-point functions of the chiral supergravity operators are not renormalized and hence take 
the standard conformally-invariant form even after including the higher-order effects. 

We now show that this ansatz can be understood as a consequence of our holographic 
string field theory, given the observation of J2B]. In other words, all existing duality 
relations are actually compatible. Since our results are based on a clear spacetime picture 
which is lacking unfortunately in other approaches, checking the consistency with more 
formal correspondences seems to provide a useful guide for obtaining a unified viewpoint 
on the holography in the plane- wave limit. 
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Let us consider a general class of three general operators Oi(xi), 02{x2) and Os{xs), 
which have the classical conformal dimensions A^°^ satisfying the condition of degeneracy 
A]^ = A2 + A3 . The number of impurities contained in Oi is thus equal to the sum of 
those in O2 and O3. Here and in what follows, we use the subscript (0), (1), etc to denote 
the order with respect to A'. The coupling constant (?2 with respect to which the order is 
denoted by the usual subscript (0), (1), etc is factored out in order to make clear the order 
of the quantities we are dealing with. The 3-point function takes the following general 
form 



{Oi{xi)02{x2)Os{x3)) 



92C 



(0> 
123 



1 - A' [aS^ log(xi2A)^ + A<^> log(xi3A)^ + 6123 log ^'^''''''^ 



(5.10) 



3^23 

where CI23 denotes the 3-point coefficient of the free gauge theory and A^^^ is the anoma- 
lous dimension of the operator Or{xr) to the first order in A'. As above, this expression in 
general does not conform to the standard form of the 3-point correlation functions of con- 
formal operators. However, we can easily check that this is the most general form which 
would lead to the standard form f ()5.16|) below) after taking into account the operator mix- 
ing. In the 0{\') part on the right hand side of (jS.lOj) . the first term Ag log(a;i2A)^ comes 
from a class of Feynman diagrams in which the interaction occurs only between 02{x2) and 
Oi(xi). Similarly, the second term A3 log(xi3A)^ comes from the ones where the inter- 
action occurs only between 03(x3) and Oi{xi), and the third term 6123 log((x3ia;i2A)/a;23) 
from the remaining ones, where the interaction occurs among all three operators. Suppos- 
ing that the double-trace operator in consideration is obtained from the product of 02(^2) 
and 03(^3) by taking the limit X23 ~ 1/A, the matrices Gab and Tab in the subspace of 
operators Oi(0) and :02(a;)03(x): takes the form 



G.B=|- il+*(Jo, --). (5.11) 



Tab 



1 0\ , / CI23 

.P ' 

A<^> + A<^> 



+ 92 



{A^;^+A^^+b,2s)C^'^ 



123 



.<!) , a(1) , A \M0) 



{A'2" + Al'> + bu3)Cr^3 
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(5.12) 



where we have taken into account the fact that the 0{g2) part of Tj^b gives the anomalous 
dimensions of Oi and : O2O3 :. In the case of two different scalar impurities discussed 
above, A^^' = m^/y'^, Af = 0, Af ' = n^ 6123 = bn;my = n{n - m/y), and C123 = Cn;my 
Now, in order to extract the correct CFT coefficient with the operator mixing being 
taken into account, we introduce the transformation matrix Uab which diagonalizes the 
matrix {Oa{0)Ob{x)) as a whole. Namely, contrary to the previous U, both of the matrices 
Gab and Tab are simultaneously diagonalized. It takes the form 

where 

n _ A2 + A3 - ^1 + ^123 ^(0) p _ ^123 ^(0) .. ..^ 

DUS - ^(1) _ ^(1) _ ^(1) ^-3, i?123 - -^(1)_^(1)_^(1) ^-3- (5.14) 

Then the 3-point function of the operators O^ = UabOb in the new basis is given by 



(Oi(Xi)02(x2)03(x3)) + (?2/^12'3'(:02'03':(Xi)02(x2)03(x3)) + 0((7^ 



2/ 
123; 



-A'(?2 [{lA'^^hc'S^ + ^123) + &123CS} log(xi2A) (5.15) 

+ {lA^^Cfl + D123) + &i23Ci23} log(a:3iA) - hi2zC^^ log(a;23A)^ • 

Here, the mixing effect does not affect the third term log(x23A), since a correlation function 
which contains a double trace operator at X2 or X3 gives a 0{g2) contribution by itself. 
Taking into account the definition of -D123, we then obtain the following result regardless of 
the expression of 6123, which is consistent with the canonical form of the 3-point function 
for operators with (anomalous) conformal dimensions Aj , A2 , and A3 , respectively: 

{0[{x^)0',{x,)0',{x,)) 

= 92Cu3 [1 - A' {(Af > + A<^> - A<^>) log(xi2A) (5.16) 

+ {a? + aP - A<^>) log(x3iA) + (A<^> + A? - Af >) log(x23A)}; , 

where the true CFT coefficient C123 = C123 + -D123 is expressed in terms of C123 and 6123 
as 



r - ^ "123<^123 /p-.^N 



-'123 '-^123 

Ai - A2 - Aa 
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Here, we have used the relation Ai — A2 — A3 = A'(AJ — A2 — A3 ), which is vahd for 
impurity-preserving processes. Though we have taken into account the operator mixing 
to higher order with respect to both g2 and A', the correction to the CFT coefficients thus 
starts from the lowest order, namely the same order as C|23- 

Note that this argument can be applied for any kind of impurities, except for the case 
of pure chiral operators where ai23,&i23 and A^- all vanish: The relation ()5.17p holds 
with different bn-myS depending on impurities (1311311 • Also, for the chiral operators of 
supergravity, this procedure would lead to a nonsensical result C123 = 0, indicating that 
for the supergravity BMN operators the matrix Gab cannot be regarded as the mixing 
matrix. 

By identifying the true CFT coefficient with the 3-point vertex IH^)^ in accordance 
with our result for the holographic string field theory, we must have 



^^^^5(1,2,31 (^-^\Hs)n + jj^\Hs)sv^=-92X'bu3Cit (5.18) 

On the other hand, the result of 121] indicates that 

^^^5l(i,2,3|i/3)^ =g,{A, + A,-A^)cl%. (5.19) 

The off-diagonal matrix elements of the F-matrix in the particular basis which makes the 
partial diagonalization are given in the form 

A'F^g = 1 (A2 + A3 - Ai) Ci% + X'busCit (5.20) 

Using the equations (|5.17|) . (j5.18|) and (j5.19|) . we finally find 



92\'K^ = -^^^^^(1' 2, Smsv. (5.21) 

This is nothing but the claim made in (^EH], except for the overall factor —1/2. This 
factor can be understood from the difference of normalization. Our convention differs 
just by this factor from the one adopted in the literature discussing this subject; see, for 
example, (B.14) and (B.9) in ^. 

It should be remarked that the above relation of the 3-point vertex \H3)sv with the 
operator mixing in perturbation theory at the boundary is intrinsically restricted to the 
processes where the numbers of impurities are conserved. For this particular class of 
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processes, our argument clarified why the correct interaction vertex of the holographic 
string field theory must be the particular combination of the two types of string interaction 
vertices: Roughly speaking, the part \H^)£) describes the 'bare' part of the interaction 
of BMN operators, while the part \H3)sv describes the mixing among them. Both are 
necessary for describing the processes in the bulk, corresponding to a propagation of them 
from boundary to boundary along the tunneling null geodesic. Note that the observation 
of [2E] that the string overlap vertex, the bare part of the interaction, in the large /z 
limit precisely corresponds to the free-field contraction is also quite natural for impurity 
preserving processes. Through the holographic string field theory, this natural property 
is related to the specific ansatz relating \H3)sv to the matrix of operator mixing, which 
singles out the particular basis of the gauge-theory operators. 

We warn the reader, however, that the above intuitive interpretation on the different 
roles of \H^)sv and l-ffs)/? does not apply to more general processes in which the numbers 
of impurities are not conserved. It is difficult to extend the above argument directly to 
such cases. 

6. Explicit examples 

The purpose of this section is to present some concrete computations in order to confirm 
our general discussions. In the present work, for simplicity we restrict ourselves to the 
cases of two (conserved) impurities, for which we can utilize many results by other authors 
on the gauge theory side. It is sufficient to focus on the cases of vector, mixed scalar- 
vector, and fermionic impurities, since as we have mentioned before the case of pure scalar 
impurities has been practically treated in jSH] and was shown to be consistent with our 
holographic relation. We are planning to study more general cases, especially the cases 
where the numbers of impurities are not conserved, in a forthcoming work. In the present 
section, we denote the first 4-vector indices {i = 1,...,4) by Greek letters (/i, i^) for a 
clear discrimination between the vector and scalar directions. 

6.1 Vector impurities 

Let us begin from the BMN operators with two vector impurities. The CFT coefficients 
on the gauge theory side have been already computed in ref. Jl]. Non-trivial processes 
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are listed bellow for (A2 + A3 — Ai)Ci23: 



, siii^inny) m/y 

Uml^-m + vac -^ flnl^-n ■ "A C^ac 5 T (6.22) 

yn^ n — m/y 
I siv?{Tmy) m/y 

Vml^-m + vac —^ flnl^-n ■ A Cvac ^ [ ]- (6.23) 

l/TT^ n + m,/y 



A' sin^ (nny) 

TT '-^ vac n 

2 yn^ 



/\ Bill V/i/ty; 
HmfJ'-m + vac ^ Z/„Z/_„ : - — Cvac j-^ (6.24) 



A' sin(7rn|/) n^ + 3mVi/^ 

l^ml^-m "T vac — > finf'-n ■ j^'-^vac ^^ 7^ n , 9 ; (^O.ZOj 

2 i/TT^ n^ — WL"^ /y^ 

where the left hand side represents symbolically the processes with two vector impurities 
with IX and v supposed to denote different vector indices. We have already used the fact 
that the difference of the conformal dimensions, A2 + A3 — Ai, is given by y/(m? /y^ — n^) 
with y = J2/J1 at the leading order of small A' = l/(;ua;(i))^. The mode numbers n and 
m are supposed to satisfy n > and m, > 0, respectively. The overall numerical constant 
Cvac is the 3-point function for vacuum BMN operators, 0:^i^ = {JiN'^^Y^^'^li^Z'^^) with 
J2-\- J'i = Ji- 



^ yj^hh \/^(i - y) .^_^ 

Cvac = 77 = 92- — 7= — . (6.26) 

iV Y Ji 

Note that the normalization constant of the BMN operator has always been chosen such 
that two-point functions take the form (O'^(a;)O"'(0)) = l/|a;p"'. This overall factor coin- 
cides with the corresponding factor for the 3-point vertex of the holographic string field 
theory, as determined in the previous section on the basis of the comparison with the 
supergravity analysis. 

The 3-point vertex on the string-theory side which should be compared with is the 
one with the prefactor with only sin modes, since the scalar part X^ vanishes for these 
cases, 

3 00 (r) 

r,s=l m,n=l (^) 

3 00 / (r) (s)\ _ _ 

+ T. T. — + ^ K«-iV™-n)«^^^««^|i^), (6.27) 

r,s=lm,n=l V^W '^(s) / 

where we have expressed the formula in terms of the exponential basis defined as 

1 1 

ao = oo, a„ = -^(a„ -ia-„), a_„ = -^(a„ + ia_„), (6.28) 
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which directly corresponds to the momentum basis of the BMN operators on the boundary. 
For the first process ()6.22|) . assuming m and n are non-zero, we obtain the following 
matrix element 

2/i \a(i) a(2) / 

_|__ I " ( Arl2 _ A/-12 \ _|_ ilm_/7y-21 _ a^21 \ j 7^12 f (- oqN 

2/i \a(i) q;(2) / 



where the second line comes form the case where the oscillators a^''^ and a^^^ are con- 
tracted through the prefactor Xj^j and the operators al„ and a-m through the overlap 
IE'), while the third line comes form the opposite case. The net results is 

1 /u;(i) cj(2)\ ~ ^ ^ 



, + ^ {Ktm - Kin)KL- (6.30) 

Using the explicit form of the Neumann coefficients in the large /z limit presented in 
()B.60|) . we can confirm that this reduces in this limit to the gauge theory result ()6.22|) . 
after including the above overall factor. As for the special case m = 0, the absence of 
zero-mode oscillators in the prefactor Xu leads to the vanishing result, which matches the 
gauge theory. 

The second case (I6.23p is related by a change m -^ —m to the first one. On the string 
theory side, the large /i behavior of Neumann functions N^^ satisfies the same relation 
with respect to this sign change, as exhibited in ()B.60|) . Thus the first case ensures the 
correct matching in the second case. 

For the third case ()6.24j) , we obtain for n 7^ and m ^ 0, 

\ nn n—nJm—m , „ \mm m—valn~ni y\j.uj.i 



/ia(i) /ia(i) 

where the first term in the second line comes from the contraction of a^^-*^ and a_„ 
through the prefactor X^^ and of a^^^ and Q;_m through the overlap \E), while the second 
term comes form the opposite case. Due to the property of the Neumann coefficients, the 
second term vanishes, and the first term reduces to the field theory result. It is useful to 
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notice here that the gauge theory resuh for vector impurities in the case ()6.24|) is equal 
to the scalar correspondent (/i, v -^ i,j) except for the overall sign, and to recall that the 
scalar case matches the duality relation ()4.4j) by using the vertex {l/2)Xi\E). In addition 
to this, we can easily check that the relation 

i23(^|««'^«L?a(^)^ait (Xf + Xfi) \E) = O (^-^^ (6.32) 

is satisfied in the present 'flavor-changing' process. Thus, Xii\E) can be replaced with 
—Xi\E) at the leading order in large fj, limit, confirming the validity of the duality relation. 
The same is true for the case oi m = 0. 

The last case fl6.25p is the sum of the above three cases ()6.22p . ()6.23|) and ()6.24|) on the 
gauge theory side. We can check that the same is true for the expressions on the string 
side: Indeed, 

i23(^|«i^)'^«ita(^)^aLt ^ {X?,) \E), (6.33) 

is given by summing all possible contractions of a^^-*^, a_„ , o^m^ ^.nd a_m through the 
prefactor X^^ or the vertex|i?), which coincide with the sum of all the three amplitudes 
considered above on the string side in terms of the Neumann functions. 

6.2 Mixed impurities 

Next, we consider the case with one vector and one scalar impurities, namely, imfJ^-m + 
vac -^ inf^-n- The gauge theory result for (A2 + A3 — Ai)Ci23 is [131 

2 yvr^ (n^ — m^ /y^) \ y J 

On the string theory side, both the X\ and Xn parts in the prefactor in \H^)h contribute 



as 

8 4 

/..l„fl)i„(l)M„f2)i„(2)i^ -L (' 
123 



(^|a«^ai%(^)^aLt^ E(^iT + E(^ri)' 1^) (6-35) 

^/^ \i=5 /i=l / 

= A n^ I ^^ f Arl2 , ^12 ^,^12 _ A r^ , ^^ /JYl2 _ ^12 N^12 
o I ' I \ va—n ' ranjmn o I ; \m—n mnJmm 

2/i \a(i) a(2)/ 2/i \a(i) a (^2) J 

where the first part in the second line is the contribution from {Xl)'^\E) and the second 
form {XiiY\E), and the net result is 

-P^ + ^ AT-AT-. (6.36) 

/i Va(i) a(2)/ 
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We can easily confirm that in the large n limit this precisely reduces to the field theory 
resuh dniSl- 

6.3 Fermionic impurities 

We first explain the convention for representing spinor impurities. We essentially fol- 
low the ref.|29|. Decompose the SU(4) R-symmetry group as SU(4) = S0(4)xU(l) = 
SU(2)xSU(2)xU(l) with U{1) being the subgroup corresponding to large orbital angular 
momentum J: 

4^(2,1)+ + (1,2)_, 

where the subscript ± represents the U(l) charge. With this decomposition of the R- 
charge index, the correspondence between the fermionic fields A^ and A^, with A and a 
being R-charge and Lorentz spinor indices, and the string theory creation operators bl^_^^^ 
and bl^^^ with S0{8) (= 50(4) x S0{4) = SU{2) x SU{2) x SU{2) x SU{2)) indices is 
given by 

A^ -^ {Xra,l/2, Ka,-l/2) ~ (^^laa , ^laa), (6-37) 

Af -^ {Ka,-l/2, Ka,l/2) ~ (^l^aa , ^liaa)" (6-38) 

The original SU(4) index A of A^ is represented by the set (r, 1/2) + (r, —1/2) and similarly 
of Aq, by its conjugate (r, —1/2) + (r, 1/2). Note that the range of indices are r = 3,4, 
r = 1, 2, ai, 0^2 = 1, 2, and di, a2 = 1, 2. On the right end of the above symbolic relation, 
the fermion oscillators are represented by the indices (r ~ ai, a ~ 02) etc., with a being 
originally the spinor indices of 4D target space on the boundary. We call the sector 
with the U(l) charge J = 1/2 a BMN fermion while the one with J = —1/2 an anti- 
BMN fermion, and we will focus on the former. The SU(2) indices are contracted in the 
standard way by the e symbol e^^ and e"^ = e~^. 

As for two fermionic impurities, it is sufficient to consider the four types listed bellow, 
accompanied with the corresponding gauge theory results for (A2 + A3 — Ai)Ci23 which 
can be extracted from the work [HU] : 

\'r^ sin^(7m|/) n 

A31mA32-m + VaC -^ A3inA32-n : —A Cvac ^ ]—, (6.39) 

yvr^ n — m/y 
\'n sin^(7rri|/) 2n'm/y 

A31mA3i_m + VaC -^ A3i„,A3i_„ : —A Cvac 5 5 9 / n) (6.40) 
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2 y-K^ n — m/y 

I sm^iTmy) m/y 

A31m'^41-m + VaC -^ ^Zln^il-n '■ ~-^ <^vac 5 ]— ■ (6.42) 

yvr^ n — m/y 
On the string theory side, the contribution from the \H3)sv part in the interaction 
vertex is aheady calculated in ^\ as 



1, 1^(1)12^(1)11^(2) n(2) ,rT\ _ r ^ ^ y^ (f^A-^-) 

(J. \f P-„ P„ Pll,raPl2-m\^V SV - -'^N', xn o ' (0.4dj 

/x-^(i;|/?i?'/?«"/5i^;„/5i^;„„|i/3)5y = 0, (6.44) 

^^-'{v\P^TP^n^''Pflmf^?i-JH,)sv = 0, (6.45) 

1/1^(1)21^(1)11^(2) ^(2) |i^v _ ^ sm (Tcny) 

/i (f P_„ /:/;^^ Pii,mP2i -m -"a/sy - (-^ni .^ 2 ' (o.4bj 

(/ia(i))^7r^l/ 

where /?„ is the exponential basis of each string defined in a similar manner as an' 

Po = bo, Pn = -7={bn- ib-n), P-n = ^(^n + ^^-n)- (6-47) 

For these cases of pure fermionic external states with undotted indices, the prefactor 
reduces to 

Psv = f^Y^ (6.48) 

where Y^ is defined as Y^ = Yl^Y^^^^^^ = l2Y^^Y^2Y2iY22 with Y^^^^ = Y^^^^Y^l See 
the Appendix B for the definitions of these quantities. Using the explicit form of Y^, we 
can easily confirm that the amplitudes on the string side vanish in both case of ()6.44|) 
and (J6.45J) . and that (J6.46J) is equal to the minus of (j6.43p . With the definition of y"i"2 
in ()B.44|) . the string-matrix element ()6.43|) is given by — ((?„ G^ )^, which reduces in the 
large /i limit to the right hand side of ()6.43|) using the asymptotic form for G given in 

dEMl). 

Next turning to the contribution from the \H^)i:, part, we first find 

\fia{i) fia(2)J 



"<^^^..„, A2.._2 ~ ^2/„2' y^-^^) 



sm^ij^ny) Anm./y 
{na(i)Yyii'^ 11? — m? /y'^ 

where we have used the relation Q^^^ = ~^nm^ Qmn = ~^-\n-n i^ ^^e large /i limit, 
which can be easily shown by the definition of Q'^m^ ()B.26|) . and the asymptotic form of 
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U^^\ ()B.65|) . given in the Appendix B. For other three cases ()6.39|) . ()6.4ip and ()6.42|) . we 
find that the l-ffa)/? contribution gives one and the same expression 

/^^,^^Vrn2i n^2\^ sin^(7rny) n + m/y 

V «(i) a(2) / 4 ^ ^ {iJ,a^i)yyTc^ n-m/y 

Combining these two types of contributions in each case, we obtain the matrix elements 
which precisely coincide with the gauge theory results ()6.39|) - ()6.42|) . 

7. Concluding remarks 

Finally, we remark on some relevant problems left in the present paper and on possible 
future directions. First of all, we have to emphasize again that our main predictions 
are not restricted to the impurity-preserving processes which almost all of other works 
have been limited to. In the supergravity sector, our holographic relation summarized 
in ()3.82|) ~ ()3.84|) is valid by its construction for general processes. The extremal cases 
of the supergravity sector where conformal dimensions are preserved Ai = A2 + A3 
are generalized by lifting the degeneracy, owing to the higher-order effects in A', to the 
impurity preserving processes including string excitation modes. In the last two sections, 
we have confirmed that our relation is indeed valid in this case with nontrivial stringy 
effects. It is quite plausible that the relation should then be naturally extended to impurity 
non-preserving sectors. We can note, for example, that the a'-correction factor / in the 
holographic relation is consistent with the fact that the CFT coefficients for such cases 
start from 0-th order in l//i just as the impurity-preserving processes, while the 3-point 
string vertices for such cases in general start at most from the first order in l//i, because 
of the large n behavior of the Neumann functions. In fact, it is easy to confirm that 
our ansatz gives the correct results for a few simple cases. However, a systematic check 
of more general classes of impurity non-preserving processes is beyond the scope of the 
present paper and is left to a forthcoming work. 

There are many possible directions following the present work: For instance, in con- 
nection with the question of impurity nonpreserving processes, we should investigate the 
string-loop corrections. In most of the existing literature, impurity nonpreserving con- 
tributions have been ignored often without appropriate justification. It would also be 
interesting to extend the discussions of section 2 and 3 to higher-point correlation func- 
tions, from both standpoints of supergravity limit and full string theory, and to see to 
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what extent the structure suggested in our first work |3] is reahzed in higher orders. An- 
other important problem is to derive the holographic string- field theory in conjunction 
with our prescription of the holographic duality directly from the gauge-theory side. For 
such an attempt, the collective-field approach discussed in |j4Qj seems to be suggestive. 
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A Reduction to SO (4) basis 

First we summarize the definitions of overlap integrals of SO (6) harmonics, 

Y' = Ci..,^x'^---x^^ (A.l) 

following the convention of ref. ^T]. Using the formula for the integration over the 
5-dimensional unit sphere S^ {u = tt^ = the area of a unit 5-sphere), 

1 „ ol— m 

— / x'^ ■ ■ ■a;*^'" = X (All possiblle contractions), (A.2) 

we derive 



2'-" ,.,.._.„, , S'^''- 
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k\{C'^C'^) = vr^-——^— -— -, (A.3) 



(A; + 2)! ■' ' 2''-^{k + l){k + 2) 

and 

f Y^^Y^^Y^^ = n'^r^^^^y^iC'^C^^C^^) ^ a{k,, k,, k,){C^^C^^C^^), (A.4) 
Js^ (I + 2)! ai\a2la3\ 

since in this case m = E/2 and ^S'^^fr'. is equal to the number of same contractions occur, 
due to the total symmetry of the tensors C^ . 

Now we convert these integrals on 5*^ into a Gaussian average for the SO (4) directions 
by taking the large J limit. Such a calculation has previously done in ref. [H] for some 
special cases. First by expressing the S^ harmonics in terms the S^ harmonics Y^^, 



yi = 2"'^/2. 
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\ j\k\ 



Let us first check this formula by confirming the normalization integral. 



r - f 7 -)- A-V /■27r /•7r/2 - /• _ - _ 

/ Y^Y^ = 2-^^—^ dip rf^cos^lsin^Pcos^-^^sin^^^ / F^F^ (A.7) 

is5 J\k\ Jo J-n/2 753 



J\k\ Jo J-it/2 

In the limit J ^ 00, this can be evaluated by making a change of integration variables from 
9 and the Cartesian coordinates x* on S^ (Z)f=i(3;*)^ = 1) to a 4- vector ?/° = 9,y^ = 9x^ as 



lim / F^r^ = hm 2-'^-^^i^27r /rf^ye--^^'|2/¥^P (A.8) 

= 2~-^ ^ ~ ' 27r- ^ -^(C^C^) = ^ A.9 

J\k\ (J+|)2(2(J + i))^'^ ^ 2J+k-KP ^ ^ 

which coincides with the ()A.3|) . 

Similarly, the 3-point integral is found to be 
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{Ji + h)\{J2 + k2)\{J^ + k 



3 



1/2 



.m^\J2\k2\J3\k3\ 

x2n f (19 cos9\ sm9\^ cos-^^ 9 sin^^ 9 cos-^^ 9 sin^^ ^ ^^^Ja q gj^fes ^ 



3 1 ^J2^^fc2/2/J3^^fc3/2 V/Ci!/C2!/C3 

TT 






Equating this result with the large Ji limit of ()A.4|) which is equal to 

3 1 1 ('hllY^/rii 



we find the relation between the SO (6) and SO (4) contractions (ai = ai = {k2 + k^ — 

~ki)/2), 



{C'^C^^C^^) = a,l(^rr^t^\-^t^'^^^^ (A.12) 

This is used in section 3 in order to express the 3-point coupling in terms of the SO (4) 
variables explicitly. 

B Explicit form of string-field vertices 

In this appendix, we summarize various formulas which are necessary for our arguments 
in sections 5 and 6. We hope that this is useful to make the expositions of the present 
paper self-contained. 
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B. 1 Preliminaries 



First, the Fourier mode expansions in terms of sin/cos basis of bosonic coordinate x^'^'\ar) 
and bosonic momentum p^^\ar)., as well as the fermionic ones \^'^'\ar) and 6^'^\ar)^ are 
given by 



xM(a,) = 


xt^ + v^ 


P^'-K^r) = 


1 


2vra(r)| 



ra=l 



x\ ' COS j- + x_n sm : 

V \^{r)\ F(r)| 



nOr 



p« + v^E pMcosf^+p 



Ar) 



sm 



ra=l 



M = C) + v^Eh^i^' 



na-r 



cos ■ 



"(r)l 

6'_i sin 



na.r 



|a(r)l 



ncTr. 



ra=l 



\a 



Ml 



a 



Ml 



A«l 



(Jr 



27r|a;(r)| 



no"r 



A^'-) + v^ E ^i'^ cos ^ + aLI sir 

F(r)l |tt(r)| 



sm 



n=l 



where* 



(,) /^^ / (r) (r)t\ (r) ^ _ ^ / (r 

V 2a;i''^ V"" ^ "« J ' -^^ '^ 2a' V " 






3(0 



2J|« 



Ml 



1 + n 



{(l + eK)))6f)-(l-eK))6j-)^)} 



+ 



1-n 



d^:^ 



'a' n 



2\/ v 
\CX{.r)\ V ^n 



(r) 



2 

1 + n 

2 

i-n 



{(l-eK)))6('') + (l + eK))6('-)t)} 



+ 



x(r) ^ |Q^ML (r)t 



2 «e^+e(a(.)-)f/(;)?5Llt)} 



with the ordinal (anti-)commutation relations 



(B.l) 
(B.2) 
(B.3) 
(B.4) 

(B.5) 



(B.6) 



{n ^ 0), (B.7) 
(B.8) 

(B.9) 



Here, e(x) = x/|x|, o'^'") = Jn^~+Ji^af~^, f/(r)„ = (u;^'"^ - ;UQ;(r))/|n|, and 11 = 7^7^7^7'', 
with 7* being SO (8) gamma matrices. With these Fock space basis, the free string Hamil- 
tonian for r-th string 



ij(") = - / da 
2io 



27r«' 27r«' 



(B.IO) 



■c .('■) 



**The definition of tlic oscillators aj_„ is different from the usual one in the literature by a factor —i. 
We use this definition since it is the appropriate one in the supergravity limit as we have discussed in 
section 3. 
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1 r'i-^W(r)\ 



2 Jo 



do 






27ia 



reduces to 



°o ^(r) 



„___ \Oi(r)\ ^ 



(r) 



fB.lll 



B.2 Overlap vertex 

The overlap vertex takes the form 

\E) = \E,)\E,)6(J2air)y (B.12) 

where 1^^) and \Eb) are the bosonic and fermionic overlap vertices which satisfy 

3 3 

5:p«(a)|E„) = 0, ^e(aw)xM(a)|E,) = 0, (B.13) 

r=l r=l 

3 3 

$:A«(a)|E,) = 0, Ee(a(.))^»(a)|i?,) = 0. (B.14) 

r=l r=l 

Here, p*^^^ (cr) (|cr| < |a(i)|) is defined as p'^^^(cr) = 0r(cr)p*^''^((Tr) with ©2(0") = ^(7ra(2) — |o"|), 
©3(0") = (^{W\ — '^ci:{2)), and 9i = 1. The parameter a^ is defined as 



0-2 = cr 



(^3 



a — 7ra;(2) 
a + 7r«(2) 



0"i = — cr 



- 7ra;(2) < o" < 7ra;(2) 

7ra(2) < 0- < 7r(a(2) +^(3)) 

- 7r(a(2) + a(3)) < a < -vra(2) 

- 7r(a(2) + a(3)) < fx < 7r(«(2) + a(3)). 



(B.15) 
(B.16) 
(B.17) 



The definitions of X(r)(cr), A(r)(cr) and ^(r)(o') are given in the same way. We always assume 
«(,.)(= a'pi)) satisfies the relation a(2),a(3) > 0, a(i) < 0. 
The explicit form of the overlap vertex is 



\Ea) = exp 
l^;^) = exp 



1 3 

^ r,s=l 



o 00 



Ct2 



(B.18) 
|t;,)i23. (B.19) 



|^^a)l23, 
3 00 

E E 

r,s=l m,n=0 

This overlap vertex is based on the ground states |fa)i23 and |f6)i23 which are defined 
by a^''^|fa)i23 = and b^^\vb)i23 = ior n E Z. Note that \Eh) is constructed on the 
Fock vacuum \vb) SA, 35^, not on the S0(8) vacuum |0), defined as a^''''|0) = {n E Z), 
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^rT'^IO) = (n 7^ 0) and ^o |0) = 0, on which the original fermionic interaction vertex 
J17t ITHl ITU] was constructed. As for the fermionic sector, the SO (8) spinor indices have 
been decomposed as S0(8) = SO(4)xSO(4) = SU(2)xSU(2)xSU(2)xSU(2), according 
to the works ^011^. 

The bosonic Neumann coefficients A^^*„, N^ and the fermionic Neumann coefficients 
QZn^ Qm are given by 



V "(1) , 



V "(1) 



NL^m-n = -iUl^r)N'''^U(^s))mn, 

Qmn = e(a(,) 



'\ 



p^ (ul^^'c'/'N^^c'/'ul^; 



F(r) 

QmO — ~"=r-'t'V "(>-')"(*') ^i=f y'-'ir) ^ (r) 

tt(r) 



rr' ^ r- ^ e(a(^ / 1/2 1/2^1/2 ,.r 



n^r' _ _nr'i _ 1 / Q^(^') 
2 y «(!) 

Otherwise = 0, 
where n, m > 0, r', s' G {2, 3}, r,s & {1, 2, 3}, a = a;(i)a(2)«(3), and 

• rt-i 2Jmn y(— 1)"+^ . , , ./0-, 2Jmn il — y) 

^mn = 5 ^^smTrmy, A^^ = ^ -^-^smTrmy, 

TT n^ — i/^m^ TT n^ — (1 — yj^m^ 

2 

^■ml = ^mn, -Bm = — r^ ^ m~^/^ sin(7rmy), 

Try{l - y)a^i) 



B.20) 

B.21) 

B.22) 
B.23) 
B.24) 
B.25) 

B.26) 
B.27) 

B.28) 
B.29) 



B.30) 
B.31) 

B.32) 
B.33) 



with y = -a(2)/«(i) and 1 -y = -a(3)/a(i). 

When we compare string amphtudes on the both sides of bulk and boundary in the 
plane- wave limit, the appropriate Fock basis is the one spanned by the oscillators defined 
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with the exponential Fourier mode basis which corresponds directly to BMN operators: 

ao = flo, oin = —7={,an-ia_n), a_n = ^(a„ + m_„). (B.34) 

The Neumann coefficients in terms of the exponential oscillator basis, N^^, is 

oo oo 

E «^^^^;^n«i^^^ = E «^^^^:;n«i^^n (B.35) 

m,n=—oo m,n=—oo 

where 

mn — m— n r^\ mn —m—n)i m—n —mn r\\mn ' —m—nl' y^-'-^ij 



We present the large /x behavior of N^^^s below in the Appendix IB.4I 

B. 3 Pref actors 

The prefactor which was ffist constructed for the overlap vertex based on the SO (8) 
vacuum |0) ^HJEl^lE] can be reformulated for the overlap vertex \E) which is based 
on the genuine Fock vacuum [2III E]. The form of this prefactor is^^ 



\H^)sv = Psv\E), (B.38) 

1 y, 



' flU 






where K^ , K^ [I = i,fi) and Y"^"^, 2'"^"^ are bosonic and fermionic constituents of the 
prefactor defined as 

K'^ = X{ + X^ K'^ = X( - Xf{, (B.40) 

Xi = ^\-Ul - A^^aKfl' E E ^i^^4''^ (B.41) 

V " r=l n=0 

X„ = -W (1 - AiiaKf/' E E ^n(r)i^i'^^«^l^ (B.42) 

V (^ r=l n=l 



y"^"2 = W --(1 - 4/iair)^/2 ^ g G'i'■)6([)"^"^^ (B.43) 



r=l n=0 

3 oo 



^aia2 = J — 

V a 



-(1 - 4/.air)V2 ;^ ^ G«6(_t^-t^ (B,44) 



r=l n=0 



^^This definition difl^ers form the one in (3.28) of j20]| by a factor —2a/a'. Note also the difference of 
the total factor of K^ between here and there. 
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with 



n 



a 
a 



7V/^«(2)a(3), i^o 



(3) 



(1) 



-^/ia(3)a(2), i^o = 



-ir^i/2 



V 1 - 4:jj,aK a(r) 



(f/(;fC(V;c^iV'^)n (n>0), 



-y ^V^"(3)' '^f^ = Y ^V^"(2)' G"!)^^ = 0' 



a 



1 



W 1 - 4/xaK 



^P^{U7'/'c}/'C'/^Nnn {n > 0). 



e a 



a 



Ml 



'(r) ^(r) 



The other quantities in the prefactor is defined as 



with 



Vij — dij 



12^ ^144 



Yi^{l + Z-)-Zt^{l + -Y'^ 



<' fiu — O^u 



1^—{Y^ + Z^) + —Y^Z^ 
12^ ^144 



n.(i - ^') - zu^ - TT^y 



+ -iY^Z^' 

4 



1 



«j' 



12 



S{Y) = F + -y3, 



(B.45) 
(B.46) 

(B.47) 
(B.48) 



(B.49) 



-{Y'Z^),^, (B.50) 
(B.51) 



^a,/3, ^ ^i^. 



O.r0r 



jy-arlSr — jy-i^CtrPr 



0-4 



(r = l,2) 



\^2 ^ V V "2 \^2 _. -yr -yai 

-'ai/3i — -'aia2-'/3i ' "' 02/32 — -'ai«2-' /32' 






V2 v^i 

-fai/3l-f ft' 



T^4 _ ^-2 v2"l/3l 



(B.52) 
(B.53) 
(B.54) 

y2ii^y2ai/3i^U^^^ ^2ii ^ ^2diA^2^ (y2^2yi ^ y2fc(i^2i)fc^ ^g^gg^. 

We refer the reader to the ref.j23 ^^^ more details. 

On the other hand, the interaction vertex presented in [211 , which is of the form 



\H- 



3D 



E E 



iO. 



(r) / 8 



E 






r=l m=-oo '^('■) \/=l a=l 

can be, using the factorization formula, written as 



' + T.€^''^€n\E) 



(B.56) 



\H3)d = Pd\E), 



^ -' cjia2 -^0102 5 



(B.57) 
(B.58) 
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where 



^ n „r.^ /.N„_,x ~^^,^^„ A n 



yaia2 ^ y- ^LG'M5W"i"2t^ ^<iiA2 ^ y- ^L^'i'-^^Ll^^'^^ (B.59) 

r=l "(r) r=l "(r) 

For the derivation of ()B.57|1 . see the Appendix IB.5I below. 
B.4 Large /i behavior [2S] 



The large /i behavior of N^^ is given, for (m, n) 7^ (0, 0), by 

4vr/i|a(i)|i/' """ 47r/i|«(i)|y^y(l-t/) 

1 ^11 ^ (-l)-+»+^sh 

47r/i|a(i)|(l-y)' ™" 7r/i|a(i) 

-21 ^ (-l)"-+"+^sin(7rni/) -3^ ^ j-lT smJTrny) 

n^in-m/y) ' ™" ^^/r^(^ _ ^/(l _ ^)) ^ " ^ 

and, for m = n = 0,hj 



NZ = : / I , iVrn= / 0, , (B.60) 

)\y 47r/i|«(i)|-y/y(l-t/) 

^33 _ 1 ^11 _ (-l)'"+"+^sin(7rmy)sin(7my) 



^00 = \ iV22 = i — -, iV^3 ^ ^ — L ^ (B.64) 

47r/x|a(i)|^l/(l-|/) 47r/i|a(i)|y 47r/i|a(i)|(l - y) 

When we compute string amplitudes for fermions, the large fi behavior of F^^\ G^\ 
C/^^ and 1 — AjjiaK are also useful-'--'- : 

i^f = {-ir'^^^jA^yil - yl Ff ) = ^v'H«(i)l(l-i/)y, 

Va ^/i|a(i)| 
W2) _ (-1)"+^ W3) _ 1 ^(1) _ (-l)"+^V2sin(7rni/) 

^27r/i|a(i)|?/ ^27r/i|a(i)|(l-?/) ^7r^|a(i)| 

(2) ^ ^ f;(3) ^ ^ r/d) = 2/i|a(i)| 

" 2/i|a(i)|i/' " 2/x|a(i)|(l-i/)' " n ' 

1 - 4:^iaK = ■ — -, 

Anfi\a(i)\y{l-y) 

where we have defined 



G^;^ = i/--(l - 4fiaKY/^G^:\ (B.66) 

V a 



ttNote that the definition of the Neumann vector iV^ here, -with -which F„ and Gn are defined, diS^ers 
C^r]^'^Ur from that of the ref.|2Sl. 
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B. 5 Factorization formula 
We first prove the formula 

3 oo (r) 1 

EE— «l'^M''^l^) = kf|i5), (B.67) 

r=ln=0"M 2 

using tlie factorization formula obtained in j^ llSj. Operating the annihilation operator 
a„ on the vertex |_E), the left hand side of ()B.67|1 can be written as 

3 oo , ,(r) 3 /, ir) oo , ,W 

1^1^ «n < 1^) - - Z^ ^^00«0 Oo + Z^ ^V.OO < 

r=ln=0"M r,s=l \"(r) n=l "M 

oo (r) oo (r) \ 

+ E— Ko4^M^^'+ E — A^^Tn^^M^M 1^)- (B.68) 

n=l "(r-) n,m=l "M / 

By the definition of Neumann matrices, the first term in the right hand side becomes 

E ^N-at^'a^o'' = Ixl (B.69) 

r,s=l "(r-) 2 

and the sum of the second and the third terms reduces to 

3 oo (r) 3 oo (r) 

E E ^K'A''ai^'' +T.T. ^Ar-a«taWt = XoX^, (B.70) 

r,s=ln=l"W r,s=l n=l "{»■) 

where Xq and X+ is defined as zero-mode and positive- mode parts of Xi, such as 

X, = ^.^{l - A^^aKYl^ f E F^'^at^' + E £ F^^'^^^^A = ^o + X+. (B.71) 

V ^ \r=l r=ln=l / 

Using the property of the Neumann matrix, A^^^ = N^^, and the factorization formula 

123 im, 

^'^ = "13^ ^)^ V^U^r]C]i^CN^\{Ui:^]cli^CN^U (B.72) 



the fourth term can be written as 



3 oo (r) 1 3 oo / 

E E — A^n^«i^^^«^^^ = ^ E E 

r,s=l n,m=l V) r,s=l n,m=l \ 



1 3 oo / (r) (s) \ 



a(r) a{s) ) 



\xl. (B.73) 



Combining all the results above, we obtain the formula ()B.67|) . 
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Noticing that the Neumann coefficient with negative Fourier modes is given by 

iV::,_„ = -(f/wiV''t/(,))^„, (m, n>0) (B.74) 

and the definition of Xn, which has the extra if/(r) factor compared with Xi, we can easily 
see that the similar formula for negative modes, 

3 CO (r) 1 

r=l „=1 "(r) 2 

can also hold. 

With the definition of the fermionic Neumann coefficient QJ^n? i^ is not difficult to 
prove the formula 

3 (r) 

r=ln&Z "('') 



7aia2>^"^"^ + ^ai«2^"^"^) l^t) (B.76) 

in the same manner as the bosonic case. 
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